A CLASS OF CURVES IN EVERY KNOT TYPE WHERE CHORDS OF HIGH
DISTORTION ARE COMMON

CHAD A. S. MULLIKIN

ABSTRACT. The distortion of a curve is the supremum, taken over dis{iirs of points of the
curve, of the ratio of arclength to spatial distance betwhkemoints. Gromov asked in 1981 whether
a curve in every knot type can be constructed with distortéass than a universal constant C. An-
swering Gromov's question seems to require the constinuctidower bounds on the distortion of
knots in terms of some topological invariant. We attempt &kexsuch bounds easier to construct by
showing that pairs of points with high distortion are veryrooon on curves of minimum length in
the set of curves in a given knot type with distortion bounaledve and distortion thickness bounded
below.

1. A NEw PoINT OF VIEw ON GROMOV'S DISTORTION
In [4] Gromov defines the distortion of a continuous cuivga, b] — R? as

5() 1= sup 20 8); v(t?7 73) '
s#t d(7(s),7(t); R?)
whered(a, b; X) is the distance betweenandb in the metric spac&’. We call the fraction inside
the supremum the distortion quotient of the p@airt), written dq, (s, t). The distortion quotient
becomes large when points that are some distance apartaieglose in space. For example, by
adding a twist into a knot we can cause the distortion to gnditrarily large as seen in Figuké 1.
It follows that for any given knot typéy| and any given constat/, there exists a knot € []

TN T

FIGURE 1. There can be no upper bounddifiy]) for any knot typg~]. Given any

arc of a curvey of length L, as seen on the left, we can add a twist, as seen on the
right. If ~(s) lies directly overy(t) in this projection, then given any> 0 we can
forced(v(s),v(t); R®) < e while d(y(s),y(t); y) remains constant.

so thatj(vy) > M. Attempting to find the infimal distortion of a knot type is faore challenging.
The distortion of a knot typei([y]) := inf,c[, 6(7), is clearly bounded below by 1 for all knots,
but finding the exact value a¥([y]) for any given knot type is very difficult. In fact[y] has
only been computed wheh]| is the unknot. As stated inl[4] and proved in [6] the distortif
the unknot is7/2 and this value is achieved by the round circle. Gromov asKglimvhether or
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not there exists a universal upper boundé¢ny]). Though it has attracted considerable interest,
Gromov'’s question has proved very difficult to answer.

It is natural to conjecture that no such bound exists. A pveatdild require two steps. We first
need to find a topological invariast that increases with knot complexity. We must then construct
a lower bound on the distortion of a curyan terms ofX’. Using this lower bound, we can then
exhibit a family of knots{~,} so that the sequendé([;])} diverges. Neither step seems easy to
carry out.

Choosing a suitable invariaft requires care. It is known that a candidate topologicalriavé
must increase without bound for some, but not all, familiekrmts: for a smooth knot there
exists an upper bound for the sequefiéh]), 5([v#]), §([y#v#)), . . M. It follows that if the
sequencé X ([v]), X ([v#9]), X ([v#y#7]), - - .} diverges, therk’ will be of no use when defining
a divergent sequence of lower bounds for distortion. Thissrout many well known invariants
such as crossing number, bridge number, and genus.

The next task involves constructing a lower bound on theodisih of a curve in terms of the
chosen topological invariant. This requires finding points) and~(¢) on the curvey for which
dq,(s,t) is large. Unfortunately, such points can be quite elusive.

The main theorem of this paper, which summarizes the resi[8, shows that length minimiz-
ing curves in a particular subsgt([v]) of [y] have the property that points with relatively large
distortion quotient saturate arcs of positive total cunt This should make it easier to bound the
distortion of curves i/« ([7]) in terms of a topological invariamt'([7]).

The setU([v]) has several membership requirements in addition to theffatt/([y]) C [v].
For technical reasons we assume all curve&/in|v|) have finite total curvature. Second, we
require that a constarit bounds the distortion of knots i ([v]) from above. If we choosé’
to be a constant multiple @f([7]), this bound will allow us to relate lower bounds for distorti
of curves inUc([v]) to lower bounds o ([7]). Hence any divergent sequence of lower bounds
{b;} on the distortion of knots in, sayl/»s(,) ([7:]) } will provide a negative answer to Gromov's
question. This is illustrated in Figuké 2 on the next page.

The last requirement for membershipliia([y]) stems from our interest in studying curves of
minimum length. Since distortion is scale invariant theagdéngth minimizers iU/« ([]) will be
empty unless we add another constraint. Hence we must fiXxefsc@urves inJ«([y]) to prevent
any sequence of curvds,} C Uq([v]) approaching a curve, of infimal length from shrinking
to a point. However, we still need to be concerned thanight not be in[y]. After all, knotted
regions can pull tight when decreasing length as seen inrél§wn the facing page. To prevent
this, we fix scale in a carefully chosen way. [n [6] Kusner andli&n define theb-distortion
thickness of a curve as

() d%%gg)ZbHv(p) (@),
the infimal distance between pairs of pointsyowith distortion quotient at least We require that
Ts(iy) (7) > 1 for curvesy € Uc([v]).

We are now prepared to state the main theorem. For now we dfiak'é([y])-drc” as a pair
of points(s, t) for which dg, (s,t) = 6([y]). We will define this term precisely in Definitidi 3 on
pagdy.

1This was first pointed out in print by O’HarB[10], who obsettkat the distortion of a number of tiny knots
arranged around a large circle is independent of the nunfberads.
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FIGURE 2. Here we see a graph representing a divergent seqyéricef lower
bounds on the distortion of certain curvedin, ([v]). If we defineC., = 25([i])
then this will also yield a divergent sequeniég2} of lower bounds o ([v;]).

b &

FIGURE 3. Here are three representatives from a sequence of figgine keiots
with decreasing length that converges to the unknot. Thehpom the left illustrates
the concern that every member of the sequence of curves mvaynii@ximum dis-
tortion realized by a pair of points a constant distancetagen though the knotted
region is shrinking to a point.

Theorem 1 (Main Theorem) Let Ux([7]) be the set of all finite total curvature curvesn [v],
with distortiond(y) < C and distortion thickness;,;) > 1.

Then any open interval on a curve of minimum lengtiiin[v]) is either a straight line segment
or contains an endpoint of &[] )-drc.
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The proof of the main theorem will be a proof by contradicti®uppose that we have a curve
7v: [a,b] — R3 of minimum length inU-([y]) and an arey((c, d)) on~ with positive total curva-
ture that does not contain an endpoint of(&])-drc. We show that it is possible to decrease the
length of the arey((c, d)) to obtain a new curve that is also a membet/p{[y]). We have then
reached a contradiction singes a curve of minimum length itVo([v]). The proof requires two
propositions.

(1) There exists > 0 so thatdq(s,t) < d([y]) —e for all points(s, t) € (¢, d) x [a,b]Ua, b] x
(¢,d). (PropositioriIl on padé 8)

(2) The arcy((c,d)) can be changed in a length decreasing way so that the incoédise
distortion quotient or{c, d) x [a,b] U [a,b] X (¢, d) is less thare and the change of the
distortion quotient on the remainder [of b] x [a, b] is nonpositive. Hence the distortion of
~ is not increased. (Propositi@h 2 on page 8)

We point out that ifdg, could be extended to a continuous function|erb] x [a, b] then (1)
would be immediate and (2) would be much easier to prove. Mewéhis is not always possible
for finite total curvature curves as we will see in section 3.

2. DEFINITIONS AND BACKGROUND

The proof of our main theorem makes use of several standaultsdrom analysis as well as
few results more directly related to distortion. We will beating with the set of curves with
finite total curvature in the sense of Milnor i [7]. Given dygon p with verticesuy, . . ., v,, we
can define a sequence of angies. . ., «,, whereq; is the exterior angle between the two edges
incident tov;. In [Z], Milnor defines the total curvature of the polygpmo ber (p) == > i, .
He then defines the total curvature of a cufvi® besup,cpq,) %1 (p), Where Paly) denotes the
set of all polygons inscribed if. It is also shown in[][7] that ify € C?, thenk,,(v) agrees with
the standard definition for total curvature. There are matgresting properties of the class of
finite total curvature curves, denotéd'C, which are explored in detail in both [11] ard [9]. In
particular, ify € FTC, theny has one-sided derivatives everywhere. Therefore we camedadith
the left and right tangent indicatricés": [a,b] — S'by

Ty (s) = lim M

st [[y(z) = (s)]
It can be shown that each of these curves is of bounded \ariatid therefore, by the structure
theorem for BV functions, they possess a derivative in thsaef the norm of their derivative
is a Radon measur€. We find an explicit construction of this measucein [9]. The measure
theoretic properties df which are required for the proof are given in Lemipha 4 on pagetdse
proof we move to the appendix.

The distortion of a curve increases as points on the curverbecloser together in space while
remaining relatively far apart in arclength. For arcs ofvesrthat are nearly straight the value
of the distortion quotient for pairs on this arc must remaiinly close to 1. Indeed Denne and
Sullivan show in[[3] the following relationship betweendbturvature and distortion.

Lemma 1. (Denne/Sullivan) Lety: [a,b] — R? be any finite total curvature curve and let
v([c, d]) be any arc ofy with total curvaturex < w. Thendg,(s,t) < secr/2 for all (s,t) €
[e,d] x [c,d] .

We omit the proof of LemmEl 1 which appearslih [3] and [9].
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3. ON THE DISCONTINUITY OF dg, FORY € FTC

Lety: [a,b] — R3 be a continuous embedded curve. Then sipiecontinuous, the functions
d(-,-;v) andd(-, -; R®), restricted to points on, are each continuous functions. So their ratio,
the distortion quotient, is continuous whenever the denator is nonzero. Indeedy, is only
defined for points off the diagonal @f, b] x [a, b].

Regrettably, ify € FTC then it may not be possible to defide, on the diagonal in a way that
will result in a continuous function. While curves KiI'C have one-sided tangents everywhere,
the right and left tangent may not be equal at a given pgjniThis can cause a non-removable
discontinuity ofdg, at (s, so). The following example illustrates such a scenario.

FIGURE 4. This example illustrates a discontinuity of the distmmtguotient. The
discontinuity of the tangent curve at the point correspogdb the corner point
causes a jump in the distortion quotient.

Let C: [a,b] — R? denote the comet shaped curve in Figlre 4 consisting of anlata
circle and a polygonal section, consisting of two line segis&; and P, with exterior anglep.
Let ¢ € [a,b] so thatC(c) is the corner point. A calculation shows thgC) = sec (¢/2) and
dge(s,t) = §(C) on the continuum of points

E ={(s,t) € [a,b] x [a,b] : C(s) € P, C(t) € P, andd(C(s),C(c),C) =d(C(t),C(c),C)}.
Now, if {(s;,¢;)} C Eis a sequence so th@t;, t;) — (¢, ¢) asi — oo, then

lim dge(s;, t;) = sec ?

1—00 2
On the other hand, for all pointsso thatC(s) is a point on either one of theline segments, we have
dge(s,c) = 1, hence
lim dge(s,c) = 1.

We can readily see that the discontinuity along the diagofial ] x [a, b] is not removable. In fact,
since the distortion is defined as a supremum, it may be tleethasfor a general curvee FTC,
there exists a sequence of poifits ¢;) converging to a points, s) so thatdg, (s;,t;) — d(v),
dq,(s,t) < d() everywherelq, is defined, andg, has a non-removable discontinuity(at s).
Curves of this type have no distortion realizing chord. Aareple of such a curve is tlgragon’s
tooth curvein Figure[®.

This curve,D: [a,b] — R?, is formed by three circle arcs: one of small radiuand two
of larger radiusk. The large circle arcs are connected to the smaller cirdesarthat their tan-
gents agree at the points of intersection. The large cirtlest at a corner with exterior angle
¢ < m. The distortion of a circle is/2, so if D(s) andD(t) are points on the same circle arc then

dgp(s,t) < w/2. If D(s) lies on one of the large circle arcs andft) lies on the small circle
5



FIGURE 5. The distortion of this curve is realized as a limit of drstan quotients
of pairs of symmetric points converging to the corner poifthie parameter space
[a,b] X [a,b] has no points, t) that realizes the distortion.

arc, thendgp(s,t) — 1 asd(D(s), D(t); R*) — 0. Therefore, the distortion quotient cannot grow
large because the denominator becomes small. On the otheyth@ numerator is no larger than
the length of the two arcs. Styp (s, t) is uniformly bounded above for all points, ¢) for which
D(s) andD(t) lie on circle arcs of different radius.

LetD(c) denote the corner point. Léts;, ¢;)} be a sequence so tHat s;) is on one large circle
arc,D(t;) is on the other large circle arc addD(s;), D(c); D) = d(D(t;), D(c); D) for all . If
(si,t;) — (c,c) then

lim dgp(s;, t;) = sec g
Forcing¢ to be close tar in the construction oD forcesdgp(s,t) < sec ¢/2 for all (s, t) in the
domain ofdgp. So, the distortion oD is evaluated as a limit afgp(s,t) as(s,t) converges to a
point on the diagonal that is a non-removable discontinuity

To deal with examples like this, the definition of a distomtiealizing chord will need to be

extended. Just considering pairs of poifitst) so thatdg, (s, t) = d(v) is not sufficient. After all,
there may be no such pairs. We start with a definition.

Definition 1. For any~: [a,b] — R3? in FTC, we define the functiod, : [a,b] — R by
D.(s): = sgp dg,(s,t)

Lemma 2. If v: [a,b] — R3is a curve with finite total curvature parametrized by argjém then

_ o H0) A (W5) _d(v(s),7(2);7)
D,(s) = L d(v(s), 7 (0 R3) T d(y(s), (1) RP)

Proof. It can be shown that one-sided derivatives exist everywfwreurves inFTC (see [9]),

hence
t) —
i 1) = (s)
t—st t—s
exists. We know, by the continuity of the norm functipn||, that
O RO e O R (O]
t—st t—s t—st |t — S|
exists and equals 1 since the curve is arclength parametiSoe
t—
lim | i

st Iy () — ()]
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But this is exactly the one-sided limit of the distortion ¢jeat functiondg, (s, t) if we leave
s fixed. A similar computation shows that the limit from thetlekists as well and is also equal
to 1. Therefore, since the functiefy, (s, t) with s fixed is a continuous function on the compact
set[a, b}, it follows that it achieves its maximum at a point|in b|. O

In the case of the Dragon’s toofh, the functionDp(s) is defined at the corner point, but it is
less than the distortion of the curve. However, we do haygs;) — §(D) ass; — s. We will
replaceD, so that our new function will achieve its supremal valueyon

Definition 2. If v: [a,b] — R? is a curve with finite total curvature parametrized by argjém
then we define thdistortion shadow, denotedD, (s), to be the upper envelope 6% (s). That is

B (s): —inf sup [ max d(y(x),v(t);7)
Do) ‘»55_2;( ; d(v(x)ﬁ(t);R‘"’))'

We are now in a position to make the definition of a distortiealizing chord precise. The
Dragon’s tooth example shows that we will need to define thdion quotient along the diagonal
in a way that guarantees that the valuel@f(s, s) is defined to be the largest limiting value of all
sequences approaching it. For this we again use the uppelopev

Definition 3. Let~: [a,b] — R? be a finite total curvature curve parametrized by arclendth.
(s,t) is such that

— . d(v(x), v(y); )
dq.(s,t) := inf sup >k,
(1) >0 | (2y)—(s,0)<e AV (), 7(y); R?)

then we says, t) (or the chord with endpoints(s) and~(t)) is a k-distortion realizing chord
(k-drc).
Lemma 3. Lety: [a,b] — R3 be a finite total curvature curve parametrized by arclengthen
D, (s) > kif and only if there exists a valueso that the chord with endpointgs) and~(¢) is a
k-drc.

Proof. First assume that there is a valuso that the points, ¢) defines a-drc. We know that
there exists a sequendés;, t;)} so that(s;,t;) — (s,t) anddg,(s;,t;) — K > k. Since the
function D, (s;) computes the maximum over all valuestpit is evident thatD., (s;) > dq,(s;, t;).
Furthermore, since the upper envelope is upper-semiemus D, (s;) > D, (s;). So our string
of inequalities then becomes

D, (s) > lim D,(s;) > lim D, (s;) > limdg, (si, t;) = K > k.

The reverse implication is immediate from the definitiongt {s;} C [a,b] be a sequence so
that D,(s;) — K > k. For eachs; there exists &; so thatD(s;) = dg,(s;,t;) by LemmalR.
Furthermore, since the points;, ¢;) are elements of the compact §eth] x [a, b] we may assume,
by restricting to a subsequence, that t;) — (s, t) for some(s,t) € [a,b] x [a,b]. It remains to
showdq, (s, t) > k. Indeed, for any > 0

sup  dg(z,y) = k
ll(zy)—(s,t)]|<e
since the set on which the supremum is taken contains iffimtany elements of the sequence
{(si,t;)}. Therefore,

d_qy(s,t) = inf sup dq(s,t) > k.
20 (2,y)—(s,8)l|<e
7



So the pair(s, t) defines &:-drc. O

By defining k-drc’s in terms of an upper-semicontinuous function we haaele the proof of
the first step towards the main theorem relatively simpldeé&d, upper-semicontinuous functions
achieve their maximum value on compact sets. Therefore;ldsed arc contains no endpoints of
k-drcs, then the maximum value @, is bounded away from by a positive quantity. Hence,
the distortion quotient is bounded away frgimby a positive quantity. We make this rigorous
below.

Proposition 1. Letv: [a,b] — R3 be a curve of finite total curvature. (£, d) C [a,b] so that
dq, (s, t) < kforall (s,t) € (c,d) x [a,b] U [a,b] x (c,d) then, for any subintervdp, q] C (c,d)
there exists am > 0 so thatdg, (s,t) < k — e forall (s,t) € (p,q) % [a,b] U [a,b] x (p,q) with

s # t.

Proof. By assumption the intervdt, d) is free from endpoints of-drc’s. Then using Lemmid 3
on the previous page, it follows that for everg (c, d) the value ofD.,(s) < k. Let[p, q] be any

closed interval subset @f, d). SinceD,(s) is upper-semicontinuous and boundéd,(s) has a
maximum/ on|[p, q]. We can let =k — M. O

4. DECREASINGLENGTH WITHOUT INCREASING DISTORTION

Now that we know that arcs of which do not contairk-drc’s have distortion bounded away
from () by some positive quantity, it remains to show the length of an arc can be decreased
while changing the distortion quotient by an amount smalians. This will complete the second
step in the proof of the main theorem outlined in Section 2.1.

Proposition 2. Let: [a,b] — R? be a finite total curvature curve and suppogéc, d)) is an
arc with nonzero total curvature. Then, given- 0, we can replace/((c, d)) with an arcP((c, d)]
of shorter length so thatgp(s,t) — dg,(s,t) < eforall (s,t) € (¢,d) x [a,b]U[a,b] x (c,d
with s £ ¢.

Proof. Letv: [a,b] — R3 be a curve parametrized by arclength and suppose/fiatd)) is an
arc ofy of lengthL = d—c with nonzero total curvature. Let> 0 be given. This proof has several
cases. We will first assume that we can find a subarg(0f, d)) whose total curvature is small.
Without loss of generality we assume this is theafe, d)). We will then modify only a subarc
~v([¢,d]) of v((c,d)). To prove that distortion has not greatly increased, we thi¢h examine the
change in the distortion quotient. Pairs of poiatand¢ which are relatively close will require a
different argument than pairs wheseandt are relatively far apart. Figuié 6 may help the reader

to understand the different components of the proof.

y
)
)

Case 1.Assume the arg((c, d)) has total curvaturd) < K < 2cos™'(1/(1 + ¢/2)); then by
Lemmdl on padé 4, the distortion of the ak¢c, d)) is no more than + /2.

Proof. By replacing the intervay([c, d]) with an inscribed polygon, we can decrease length and
not increase total curvature. By Lemida 1 on pélge 4, sinceotaédurvature has not increased,
the distortion of the arc remains between 1 ande/2. Hence the change in distortion of the arc
is smaller tharz. This takes care of all points in regignin Figurel®.

PN A,

Now let us turn our attention to a subay@c, d|) C v((c, d)). We defingé, d] to be any interval

A

contained in(c, d) so thaty([¢, d]) has positive curvature. There exists a Radon medSune|a, b|

so thatKC((p, ¢)) is the total curvature of((p, ¢)) for all intervals(p, ¢) C (a,b). We will usek to
8
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FIGURE 6. We break up our proof into several pieces according to digision
of the parameter space. Defite:= [a,c] x ¢, d, B := [¢,d] x [d,b], C :

e, d] x [¢,d], Cy := [¢,é] x [¢,d], Cy := [¢,d] x [d,d], andCs := [¢,d] x [¢,d]. W

use Lemmall on padé 4 to control the change in the distortiotient inside the
regionC'. Then, we restrict our attention to the regiohand B, which are bounded
away from the diagonal dfi, b] x [a, b], and use a more straightforward calculation
to show that the change in the distortion quotient can berotbetl on regions
AandB.

show that we can find an intervial d] with the desired properties. Sinkgis a Radon measure, if
we let H denote the set of all compact subset$ofl) then

K((c,d)) = ,iggK(h)

Hence there must exist some sequence of compachsststhat/C(h;) — K((¢,d)) asi — oo
and so there must also be someo thatC(h;) > 0. Let[¢,d] C (c¢,d) be any closed interval

containingh;. Notice that we can replacgc, J] with a polygon without increasing the distortion
too much for points irCy, Cy, andCj3 in Figure[® since each of these regions is contained within

the larger regiort'.
For any givere’ > 0, let P: [a, b] — R? be a curve that consists of two types of arcs. The first

is any polygon inscribed inside the ay¢¢, d]) such that|y(s) — P(s)|| < ¢ for all s € [¢,d],
P(¢) = 4(¢), and P(d) = ~(d). The second arc satisfies the relatiBfis) = 7(s) forall s €
[a,b] \ ¢, d]. Even if the arcy([¢, d]) is already a polygon, we can replagéé, d]) with P([¢, d))
S0 as to decrease length.

It remains to show that we can choagemall enough of, d] so that

dgp(s,t) —dg,(s,t) < e forall pairs(s,t) € AUB

whereA and B are defined in Figurg 6.



Notice that ifdgp(s,t) < dg,(s,t) then there is nothing to show, since we are only concerned
with increasingdistortion. So we will assume tha (s, t) > dg,(s,t). Suppose thats,t) € A.
Then, using the definition of distortion quotient,

_ d(y(5),v(1);R?) d(P(s), P(t); P) — d(P(s), P(t); R%) d(v(s),¥(t); 7)
daple, 1) — days 1) = A(P(s). P(£): ) d(1(s), 1(0): B®
But (s,t) € A and sinceA is bounded away from the diagonal [ef b] x [a, b], we know that

s andt must be at leashin{¢ — ¢,d — d} > 0 apart. Thus, since the curvesand P are both
embeddings, we know there is a constargo that

1
>
d(P(s), P(t); R?) d(~(s), y(t); R?)
for all (s,t) € A. A calculation shows that

dgp(s, t)c day(5,1) _ d(y(s),7(t);7) [d(v(s), (¢t

;R
But, d(P(t),v(s); R®) < d(P(t), P(s); R®) + d(P(s),v(s); R®) and by rearranging and rewriting
terms—d(P(s), P(t); R3) < d(P(s),v(s); R3) — d(P(t),~(s); R?). Using these facts, we see

d(7(s),7(t); R?) — d(P(s), P(t);R?) < d(P(t),7(t); R) + d(P(s),7(s); R?) < 2¢"

A

%) = d(P(s), P(t);R%)] .

Finally, sinces, ¢t € [¢, d], we can choosg so that

2¢ <e/(Cd(v(s),v(); 7)),
completing the proof in this case. O

Case 2.Suppose there is no subarcf(c, d)) with total curvatureK where
0 < K < 2cos H(1/(1 + ¢/2))

Proof. We will show that this forces/((c, d)) to be a polygonal arc. A new technique will be
required in this case.

By the Lebesgue-Radon-Nikodym theorem, we can write theature measur& as a sum of
two measures, and \, so that), is absolutely continuous with respectde and \, is singular
with respect tals. We then further decompose as a sum of atomic measurgs,, } and a non-
atomic measurg which is singular with respect to arclength. So we have

K((p,q)) = Aa((p,q)) + Z pe, ((p; @) + (P, @))-

Suppose now that, := 2cos™(1/( 1 + ¢/2)) and(p, q) is an interval so that’((p, q)) > Ko.
Then)_, 11.,((p,q)) < oo and so there exists a constavt so that ., .. ((p,q)) < Ko/2.
Without loss of generality, assumeg < ... < z,,. Then we partition the intervap, ¢) with the
points{zy, zs,..., 2} as seen in Figuild 7.

We now make use of the following property of non-atomic Radwasures.

Lemma 4. Suppose that is a non-atomic Radon measure (i.e({p}) = 0 for eachp € R)
defined on(a,b). Then given any finite intervdl,b), we can find a valud. € R so that
the measure of every subinterv@l d) of (a,b) with length less tharl. satisfies the inequality

(e, d)) < 2u((a,b))/3.
10
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FIGURE 7. Here we see a partition of the interyal d) where the points that define
the partition are the first/ atoms in the sequende; }.

Now, let (u,v) be a subinterval ofp, ¢) that lies between two adjacent partition points. Since
the measure,, + p is non-atomic, by Lemmi@ 4 on the preceding page there is & Vako that
if [v—u| < L, thenA,((u,v)) + p((u,v)) < Ko/2. Thus, we may assume that, v) has small
enough length so that,((u,v)) + pu((u,v)) < Ky/2. Since(u,v) does not include any of the
partition pointsey, ...,z

>t ((,0) = D7t (u,0) < Kof2.
i i>M

Thus((u,v)) < Ky and it must be the case thiat(u, v)) = 0. Covering each interval between

the M partition points{zy, s, . ..,z } Dy overlapping open intervals with length less than v|

shows us thatC((p, q¢) — {z1,...,2ax}) = 0. Therefore, the curve is polygonal on the interval

(p, q) with corners at the atomiey, 2o, . .., x), }. Since this is true for any intervép, ¢) it must

be the case that the ay¢(c, d)) is polygonal.

It remains to describe how to decrease length without clmagnttjie distortion quotient any more
thane. First we will restrict our attention to a neighborhood oearorner small enough to guaran-
tee that no pair of points in the neighborhood kee(+)/2 apart along the curve. If the exterior
angle at the corner point is, then a calculation i [9] shows the restriction of the distm quo-
tient to the edges meeting at the corner achieves a maximlua gésec % as seen in Figuig 8.

FIGURE 8. If we translate the curve so that the vertex at the cornénefarc is
symmetric about the-axis, then a calculation shows that the distortion quétien
restricted to this pair of segments is maximized at pointthefform (x,y) and
(—z,y). Moreover, this maximum is exactly equalsng where¢ is the exterior
angle at the corner. See [9] for a proof.

As seen in Figur€l9, we replace the edge with vertige®) and (z,y) with an edge with

verticese(z,y) and (z,y) (using a small value of) and replace the edge with verticesz, y)
11



and(0, 0) with the edge with vertice6—z, y) ande(z, y). The triangle inequality guarantees that
this alteration will decrease length. Sinee (¢/2) is an increasing function on the interval =),
decreasing the exterior angle decreases distortion.

(—.T,y) (.T,y)

FIGURE 9. Here we shorten the length of the polygonal arc slightljievibecreas-
ing the exterior angle by a small amount by shortening onensegy This modifi-
cation decreases the distortion quotient on this pair ef $&égments.

This completes the proof. 0

5. MAIN THEOREM

We now state the main theorem. Recall that distortion théskmn;,))(y) > 1 means that for
any pair(s, t) with dq, (s, t) > 6([7]) we have||y(s) —v(t)|| > 1.

Theorem 1 (Main Theorem) Let Ux([7]) be the set of all finite total curvature curvesin [v],
with distortiond () < C and distortion thickness;,;) > 1.

Then any open interval on a curve of minimum lengtiiin[v]) is either a straight line segment
or contains an endpoint of & [v])-drc.

Proof. Letv: [a,b] — R3 be a curve of minimum length itic([K]) and let(c, d) be any open
interval on+. If the total curvature along, d) is zero, then there is nothing to show. So assume
that the total curvature alon@;, d) is positive. Further assume that the inter¢ald) doesnot
contain an endpoint of &[] )-drc. We will deduce a contradiction. Since there is no enutpuf
ad([vy])-drc contained withir(c, d), Propositior L states that there is a subintefwad) of (c, d)

so that if (s,t) € (p,q) X [a,b], thend([y]) — dg,(s,t) > ¢ for somes > 0. Provided the to-
tal curvature alondp, ¢) is nonzero, Propositiod 2 on pafe 8 enables us to decreasentté

of the interval(p, ¢) to obtain a new curve with the property thatig;(s,t) — dg,(s,t) < ¢

for (s,t) € (¢, d) x [a,b] U [a,b] % (c,d). Thus no newd([y])-drc’s exist with end-
points in(c,d) x [a,b] U [a,b] x (c,d). We claim that we have not increased the dis-
tortion quotient at any pair outside, d) x [a,b] U [a,b] X (c,d). Indeed, if(s,t) is any
point outside(c,d) x [a,b] U [a,b] x (c,d), thend(5(s),5(t);5) < d(v(s),~(t);~) while
d(%(s),4(t); R3) = d(y(s),~(t);R®). Sinced(y) > 4&([y]), the distortion ofy is realized on such

a pair and this implies thaty) < d(y) < C. Thereforey € Uc([y]) andLen(%) < Len(y).
This is the desired contradiction. O

6. CONCLUSION AND FUTURE DIRECTIONS

The main theorem provides a good deal of structure for distominimizing curves provided

they have a representative of shortest length. Indeedy¢a@dncy of drcs is highly reminiscent
12



of the results inf]iL]. We hope this new information on drcd witl in constructing better lower
bounds for distortion.

We point out that the main theorem is still somewhat unsattsty since we have not yet proved
that there are length-minimizing curvesii([y]). Fixing this problem requires proving at least
two conjectures:

Conjecture 1. For any curvey there exists a chord with distinct endpointss) and~(t) so that
dq,(s,t) > 6([7]). Hence we can rescale any knotirj to haved([])-distortion thickness 1.

This conjecture means that the $&t([y]) will be easy to work with. In this case we further
conjecture:

Conjecture 2. The setUcx([y]) contains a minimizer for length for any knot typg and any
¢ >0([])-

As pointed out earlier, we have a path towards an answer t;m@®rs question. It remains to
find an appropriate topological invariant and lower bounddigtortion in terms of this invariant.
A potential candidate for the topological invariant is a ity known as the hull number defined
in [2]. Then"-hull of a curvey is the set of all points: for which any plane passing through
intersectgy in at leasn points (we count a tangential intersection as a doubledatgion). Then,
the hull number for a curve is the largest value of for which then"-hull is nonempty. We make
this a knot invariant by defining the hull number of the knqiey] to be the infimal hull number
of all knots in[y].

The hull number is of particular interest since it has beeswshin [5] that the hull number
does not increase for the familyy, v#~, v#7#7, . ..} and yet it does increase for a family of
knot types which seems to be a prime candidate for having iversal upper bound for distortion
(the (n,n — 1)-torus knots). The minimum distortions of these knots arzdfore particularly
interesting.

In [8] we will provide approximate locally distortion minizing curves in these knot types,
computed using simulated annealing.

13



7. APPENDIX

Lemma 4. Suppose that is a non-atomic Radon measure (i.e({p}) = 0 for eachp € R)
defined on(a,b). Then given any finite intervdl,b), we can find a valud. € R so that
the measure of every subinterv@l d) of (a,b) with length less tharl. satisfies the inequality

(e, d)) < 2p((a, b)) /3.

Proof. We will proceed by the method of contradiction. We assumeftiraall L > 0 there exists
an interval(c,d) C (a,b) with d — ¢ < L so thatu((c,d)) > 2u((a,b))/3. For each positive
integern, let L(n) = (b — a)/2", and lets,, be an open interval with length less thafrn) so that
sp C (a,b) andu(s,) > 2u((a,b))/3. Notice that if we define,, to be the closure of,,, then
w(Sy) = p(s,) sinceu contains no atoms. Le&t, = {C,,,} be the closed cover ¢, b| consisting
of the set<’,,, = [a + (i — 1)L(n),a +iL(n)] fori = 1,2,...,2". SoC; consists of two sets of
equal lengthCy, = [a, (a + b)/2] andC}, = [(a + b)/2,b].

Claim 1. There must be some integeso thatS; C [a, (a + b)/2] or S; C [(a + b)/2,b].

Proof. If there is no such integer, then it follows thgt[a, (a+b)/2] # 0 andS;N[(a+Db)/2,b] # 0
for all .. Therefore,(a + b)/2 € S, for all i. Since the length of thé;’s is approaching zero it

follows that
(a+b) P
i=1

But then since: is a Radon measure({(a + b)/2}) > 2u((a,b))/3, which contradicts the as-
sumption that there are no atoms for U

Therefore, by Claini]l there exists sorfigso that eitherS; ¢ Cy, or S; € Cy,. Hence,
either u(C1,) > 2u((a,b))/3 or u(Cy,) > 2u((a,b))/3. Define that set to b&;. The next
open covelC,, coversly with exactly two sets. Using the claim again and the fact thi&t, b) \
Ty) < wu((a,b))/3, we know that only one member 6%, hasy-measure greater th@n((a, b)) /3.
Call it 7;. Continue inductively to generate a sequence of closed/aite{ 7,, } with the following
properties:

(1) (T},) > 2u((a,b))/3 for all n,
(2) the length off’, is exactly(b — a)/2™ for all n, and
(3) T,,1 C T, forall n > 1, hencen>,T,, # 0.

Since the intersection of tHE’s is nonempty and since the length of thgs is approaching
zero, it follows that the intersection of thg's is a single point and that themeasure of this point
is larger tharRy((a, b))/3 > 0 as in ClainflL. This again contradicts the assumptionit@ntains
no atoms. U

REFERENCES

[1] Jason Cantarella, Joseph H.G. Fu, Robert B. Kusner, Bbi8ullivan, and Nancy C. Wrinkle. Criticality for the
Gehring link problem. arXiv:math.DG/0402212.

[2] Jason Cantarella, Greg Kuperberg, Robert B. KusnerJahd M. Sullivan. The second hull of a knotted curve.
Amer. J. Math125(6):1335-1348, 2003.

[3] Elizabeth Denne and J.M. Sullivan. The distortion of @ttad curve. arXivimath.GT/0409438.

[4] Mikhael Gromov. Filling Riemannian manifold$. Differential Geom.18(1):1-147, 1983.

[5] Ivan Ismestiev. Hull number of torus knots. arXiv:masi/0412139.

14



[6] Robert B. Kusner and John M. Sullivan. On distortion ahitkness of knots. IMopology and geometry in
polymer science (Minneapolis, MN, 1996plume 103 oflMA Vol. Math. Appl, pages 67—78. Springer, New
York, 1998.

[7] J. W. Milnor. On the total curvature of knot&nn. of Math. (2)52:248-257, 1950.

[8] Chad A.S Mullikin. Numerical approximation of local mima for distortion of knots using simulated ammealing.
in preparation.

[9] Chad A.S. Mullikin.On Length Minimizing Curves with Distortion Thickness Babeth Below and Distortion
Bounded AbovePhD thesis, University of Georgia, 2006.

[10] Jun O’Hara. Family of energy functionals of knotepology Appl.48(2):147-161, 1992.
[11] John M. Sullivan. Curves of finite total curvature. arnath.GT/0606007 v1, preprint.

DEPARTMENT OFMATHEMATICS, SPRING HILL COLLEGE, MOBILE, AL 36608
E-mail addresscul | i ki n@hc. edu

15



	1. A New Point Of View On Gromov's Distortion
	2. Definitions and Background
	3. On the Discontinuity of dq  for   FTC
	4. Decreasing Length Without Increasing Distortion
	5. Main Theorem
	6. Conclusion and Future Directions
	7. appendix
	References

