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ABSTRACT

The distortion of a curve is the supremum, taken over distinct pairs of points of the curve, of

the ratio of arclength to spatial distance between the points. Gromov asked in 1981 whether a curve

in every knot type can be constructed with distortion less than a universal constant C. Answering

Gromov’s question seems to require the construction of lower bounds on the distortion of knots in

terms of some topological invariant. We attempt to make suchbounds easier to prove by showing

that points with high distortion are very common on curves ofminimum length in the set of curves

in a given knot type with distortion bounded above and distortion thickness bounded below.
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Figure 2: ”Piled Higher and Deeper” by Jorge Cham. www.phdcomics.com
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CHAPTER 1

REQUIRED BACKGROUND

1.1 THE CLASS OFCURVES OF INTEREST

This section contains a brief review of general background material and important lemmata and

propositions required in the main body of the paper. The importance of this material may only

become clear when read in the context of the later chapters. This section also includes motivation

and examples that help build intuition on the subject of the main result.

1.1.1 SEMICONTINUITY AND ENVELOPES

It is a well known fact that a continuous function defined on a compact set achieves both its

maximum and minimum. Semicontinuity, a condition weaker than continuity, forces a function

to achieve either its maximum or its minimum on a compact domain, but not necessarily both.

Definition 1. An extended real-valued functionf is calledlower semicontinuousat the pointy if

f(y) 6= −∞ and

f(y) ≤ sup
ε>0

inf
0<|x−y|<ε

f(x).

The functionf is upper semicontinuousat the pointy if f(y) 6= ∞ and

f(y) ≥ inf
ε>0

sup
0<|x−y|<ε

f(x).

A functionf is upper (lower) semicontinuous on a setA provided it is upper (lower) semicontin-

uous at all pointsy ∈ A.
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An equivalent definition for upper semicontinuity, which isoften more useful, is the following:

Definition 2. The functionf : A −→ R whereA ⊆ R is upper semicontinuousat x0 if and only if

for eachα > 0 there exists aβ > 0, so thatf(x) < f(x0)+α wheneverx0 ∈ A and|x−x0| < β.

The upper (or lower) envelope of a function is a closely related function that is upper (or lower)

semicontinuous.

Definition 3. ([16]) Let f be a real-valued function defined on[a, b]. We define thelower envelope

f of f to be the functionf defined by

f(x) = sup
ε>0

inf
|x−y|<ε

f(y), for all x ∈ [a, b]

and theupper envelopef by

f(x) = inf
ε>0

sup
|x−y|<ε

f(y) for all x ∈ [a, b].

Lemma 4. Letf be an upper (lower) semicontinuous function. Iff is bounded above (below) then

f achieves its maximum (minimum) on any compact set.

Proof. Let K be any compact set and letB = supx∈K f(x). There exists a sequence{xi} ⊂ K

so thatf(xi) → B asi → ∞. SinceK is compact, the sequence{xi} contains an accumulation

pointx and so there exists a subsequence{xij} ⊂ {xi} so thatxij → x asj → ∞. Since{xij} is

an infinite subsequence of{xi} we knowf(xij ) → B asj → ∞. Now consider the value off(x).

Sincef is upper semicontinuous

f(x) ≥ inf
ε>0

sup
0<|x−y|<ε

f(y).

But in any ε neighborhood ofx there is a sequence of values off converging toB. Thus, for

any ε > 0, sup0<|x−y|<ε f(y) = B. Thus, infε>0 sup0<|x−y|<ε f(y) = B and we have shown

f(x) ≥ B. SinceB = supx∈K f(x), this completes the proof. The proof of the fact that a lower

semicontinuous function achieves its minimum on any compact set is similar.
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Figure 1.1: The left image is the graph of a function that is defined everywhere, but fails to reach a
maximum or minimum. The lower envelope, shown in the center image, is lower semicontinuous
and reaches its minimum, and the upper envelope, shown on theright, is upper semicontinuous and
reaches its maximum.

We now state and prove the expected relationship between envelopes and semicontinuity.

Lemma 5. Suppose thatf is any real valued function defined on a closed interval[a, b], f is the

upper envelope off , andf is the lower envelope off .

(1) If f is bounded, thenf is upper semicontinuous andf is lower semicontinuous.

(2) If f is bounded, thenf achieves its maximum at a point in [a,b] andf achieves its minimum

at a point in[a, b].

(3) For eachx ∈ [a, b] f(x) ≤ f(x) ≤ f(x).

Proof. The proof of (1) is immediate from the definitions and the proof of (2) follows from (1) and

Lemma 4 on the preceding page.

To see (3), for fixedx ∈ [a, b], let{εi} be an infinite sequence of real numbers with the property

thatεi → 0 asi → ∞ and

lim
i→∞

inf
|x−y|<εi

f(y) = sup
ε>0

inf
|x−y|<ε

f(y).

Then for each value ofεi in the sequence

inf
|x−y|<εi

f(y) ≤ f(x).

3



It follows thatf(x) ≤ f(x) for all values ofx ∈ [a, b]. A similar argument showsf(x) ≤ f(x).

1.1.2 RECTIFIABLE CURVES AND FUNCTIONS OFBOUNDED VARIATION

We begin with some definitions and notation related to rectifiable curves.

Definition 6. A partition of [a, b] is any finite sequence of points{a = x0, x1, . . . , xn = b} so that

xi ≤ xj wheneveri < j.

Definition 7. Let γ : [a, b] −→ X be a curve in the metric spaceX. To each partitionP = {a =

x0, x1, . . . , xn = b} there is an associated polygonp with vertex set{γ(x0), γ(x1), . . . , γ(xn)}. The

set of all such polygons will be denotedPol(γ) and the number of elements inP will be denoted

|p|.

Definition 8. Let X be a metric space with metricd(·, ·; X), and letγ : [a, b] −→ X be a curve

in X. We define

LenX(p) : =

|p|−1
∑

i=1

d(γ(xi−1), γ(xi); X),

and sayγ is X-rectifiableprovided,

LenX(γ) : = sup
p∈Pol(γ)

LenX(p) < ∞.

If X = R
n we will write

Len(p) : = LenRn(p) =

|p|−1
∑

i=1

d(γ(xi−1), γ(xi); R
n),

and sayγ is rectifiableprovided,

Len(γ) : = sup
p∈Pol(γ)

Len(p) < ∞.

All of the curves that are used throughout this document willbe rectifiable. Since we will often

use the length of the curves in our arguments, some notation is appropriate.
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Definition 9. LetX be a metric space and letγ : [a, b] −→ X be anyX-rectifiable curve inX. If

[s, t] ⊂ [a, b] then thearclengthbetweenγ(s) andγ(t) isLenX (γ([s, t])), the length ofγ restricted

to the set[s, t], and this arclength will be denotedd(s, t; γ). If γ is a closed curve then,

d(s, t; γ) := min {LenX (γ([s, t])) , LenX(γ) − LenX (γ([s, t]))} .

We will frequently make use of the fact that the length of a polygon approximation can only

increase if more vertices are added. Since this statement only requires the triangle inequality, it

may be stated in the general form as follows.

Lemma 10. LetX be a metric space and letγ : [a, b] −→ X be anyX-rectifiable curve. Let{pi}

and{qi} be two sequences of polygons inscribed inγ so thatLenX(pi) → LenX(γ) and so that

the vertex set ofpi is a subset of the vertex set ofqi for eachi. ThenLenX(qi) ≥ LenX(pi) for all i

and soLenX(qi) → LenX(γ) asi → ∞.

Proof. Let xi = {xi0 , xi1 , . . . , xik} andyi = {yi0, yi1 , . . . , yin} denote the vertex sets ofpi andqi

respectively. Sincexi ⊂ yi it follows from the triangle inequality that

LenX(pi) =

k−1
∑

j=0

d(xij , xij+1
; X) ≤

n−1
∑

j=0

d(yij , yij+1
; X) = LenX(qi).

Finally, sinceLenX(pi) ≤ LenX(qi) for all i and since

lim
i→∞

LenX(pi) = LenX(γ) = sup
r∈Pol(γ)

LenX(r),

it follows thatLenX(qi) → LenX(γ).

Our first application of Lemma 10 is found in the proof of the following Lemma 11 concerning

the change in length of a curve that has been radially scaled.

Lemma 11. Let γ : [a, b] −→ R
n, be a rectifiable curve and letC be any positive constant. Let

Cγ : [a, b] −→ R
n be the curve defined by

(Cγ)(s) = Cγ(s).

ThenLen(Cγ) = C Len(γ).
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Proof. Let A denote the arc ofCγ from Cγ(s) to Cγ(t), and letα be the corresponding arc ofγ

from γ(s) to γ(t). The length ofA is given by the supremal length of all polygonal arcs inscribed

in A with endpoints atCγ(s) andCγ(t). Let p be any polygonal arc inscribed inA with vertices

(Cγ)(x0) = (Cγ)(s), (Cγ)(x1), . . . , (Cγ)(xn−1), (Cγ)(xn) = (Cγ)(t). Then, the length ofp is

exactly
n

∑

i=1

‖(Cγ)(xi) − (Cγ)(xi−1)‖ =
n

∑

i=1

‖Cγ(xi) − Cγ(xi−1)‖

=

n
∑

i=1

C‖γ(xi) − γ(xi−1)‖.

Thus there is a one-to-one correspondence between the set ofpolygons inscribed inα and the

set of polygons inscribed inA given byp ↔ Cp. Let {pi} be any sequence of polygons inscribed

in α whose lengths converge to the length ofα. Then the sequenceCpi is a sequence approaching

the supremal length of curves inscribed inA. SinceLen(Cpi) = C Len(pi) for all i, we have

C Len(γ) = Len(Cγ) as desired.

The variation of a function is similar to the length of a curve, and functions of bounded variation

are closely related to rectifiable curves. We could work onlywith the set of rectifiable curves, but

there are measure theoretic properties of this class more naturally expressed in the language of

functions.

Definition 12. Let f : [a, b] −→ R be a function. LetP denote the set of all partitions of[a, b].

Then thevariation of f is given by

sup
p∈P

|p|−1
∑

i=1

|f(pi) − f(pi−1)|

where|p| denotes the number of elements in the partitionp.

We sayf is a function of bounded variationwhenever the variation off is bounded. Moreover,

we say that a curveg : [a, b] −→ R
n is of bounded variation provided each of its coordinate

functions is of bounded variation.
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The difference between a rectifiable curve and a curve of bounded variation is really only

a matter of perspective. It is a theorem in [20] (c.f. [21]) that any continuous parametric curve

γ : [a, b] −→ R
3, parametrized byγ(s) = (x(s), y(s), z(s)), is rectifiable if and only if the three

coordinate functionsx(s), y(s), andz(s) are of bounded variation.

Any rectifiable curveγ : [a, b] → R
3 can be parametrized by arclength. To parametrizeγ using

the arclength parameters means that given any two pointss0, s1 ∈ [a, b], Len(γ([s0, s1])) =

|s1 − s0|. We will be assuming, unless otherwise specified, that all ofour curves are rectifiable.

1.1.3 MEASURE THEORY

This section provides measure theoretic lemmata required later in the proof of the main theorem.

We begin with the definition of a class of measures.

Definition 13. ([17]) A Radon measureµ is a Borel measure onX ⊂ R
n that satisfies the fol-

lowing properties:

(1) For all compact setsK ⊂ X, µ(K) < ∞.

(2) For all Borel setsE ⊂ X, µ(E) = inf{µ(U) : E ⊂ U andU is open}.

(3) For all open setsU ⊂ X, µ(U) = sup{µ(K) : K ⊂ U andK is compact}.

Radon measures are of interest due to their relationship to functions of bounded variation. It

is noted in [13] that the distributional derivative of a function of bounded variation is a Radon

measure. We will use a Radon measure to describe the curvature of curves whose tangent curve is

notC1.

We now construct the Lebesgue measure, following [17].

Definition 14. Letf : R −→ R. The functionf is right (left) continuousat a pointa ∈ R provided

limx→a+ f(x) = f(a) (limx→a− f(x) = f(a)). We sayf is right (left) continuous provided it is

right (left) continuous for alla ∈ R.

7



Theorem 15. ([17]) If F : R −→ R is any increasing right continuous function, then there is a

unique Borel measureµF onR such thatµF ((a, b]) = F (b) − F (a) for all a, b.

Definition 16. To say a measureµ is completemeans that ifµ(B) = 0, thenµ(A) = 0 for all

A ⊂ B.

Folland notes that Theorem 15 actually provides a measureµF , called the Lebesgue-Stieltjes

measure associated toF , which is a complete measure whose domain includes all of theBorel sets

of R. Further if we defineMµF
to be the domain ofµF then we also have the following useful

theorem which asserts that the measureµF is a Radon measure.

Theorem 17. ([17]) If E ⊂ MµF
, then

µF (E) = inf{µF (U) : E ⊂ U andU is open}

= sup{µF (K) : K ⊂ E andK is compact}.

Given aσ-finite measureµ and a complex measureλ, there is a decomposition ofλ as a sum

of two different measures. One of these measures vanishes whereµ vanishes while the other is

nonzero on sets withµ measure zero, a process not unlike breaking upλ into orthogonal compo-

nents. Before stating the theorem, let us describe all the elements involved.

Definition 18. ([13]) The measureν is absolutely continuouswith respect toµ, written ν ≪ µ,

providedµ(A) = 0 impliesν(A) = 0 for all A ∈ R
n.

Definition 19. ([13]) The measuresν andµ are mutually singular, writtenν ⊥ µ, if there exists

a Borel subsetB ⊂ R
n such thatµ(Rn \ B) = ν(B) = 0.

Definition 20. ([18]) Let M be a σ-algebra in a setX. Call a countable collection{Ei} of

members ofM a set theoretic partition ofE if Ei ∩ Ej = ∅ wheneveri 6= j, and ifE =
⋃

Ei. A

complex measureµ onM is then a complex function onM such that

µ(E) =

∞
∑

i=1

µ(Ei) (E ∈ M)

for every partition{Ei} of E.

8



We are now prepared to state the decomposition theorem.

Theorem 21. ([18]) (Lebesgue-Radon-Nikodym)Let µ be a positiveσ-finite measure on aσ-

algebraM in a setX, and letλ be a complex measure onM.

(1) There is then a unique pair of complex measuresλa andλs onM such that

λ = λa + λs, λa ≪ µ, λs ⊥ µ.

If λ is positive and finite, then so areλa andλs.

(2) There is a uniqueh ∈ L1(µ) such that

λa(E) =

∫

E

h dµ

for every setE ∈ M.

For an arbitrary Borel measureµ defined onRn there need not be any correlation between the

diameter of a set and its measure. But if the measure of every single point is zero, then it can be

shown that sets of small diameter have small measure. We willonly need this lemma inR1.

Definition 22. Anatomic measureis a Borel measureαx onX so that ifA ⊂ X is any measurable

set, thenαx(A) = αx({x}) > 0 if x ∈ A andαx(A) = 0 if x /∈ A. We say that the pointx is an

atomof a measureµ if and only ifµ({x}) > 0.

Lemma 23. Suppose thatµ is a Radon measure defined onR so thatµ({p}) = 0 for eachp ∈ R.

Then given any finite interval(a, b), we can find a valueL ∈ R so that the measure of every

subinterval(c, d) of (a, b) with length less thanL satisfies the inequalityµ((c, d)) ≤ 2µ((a, b))/3.

Proof. We will proceed by the method of contradiction. We assume that for all L > 0 there exists

an interval(c, d) ⊂ (a, b) with d − c < L so thatµ((c, d)) > 2µ((a, b))/3. For each positive

integern, let L(n) = (b − a)/2n, and letsn be an open interval with length less thanL(n) so that

9



sn ⊂ (a, b) andµ(sn) > 2µ((a, b))/3. Notice that if we defineSn to be the closure ofsn, then

µ(Sn) = µ(sn) sinceµ contains no atoms. LetCn = {Cni
} be the closed cover of[a, b] consisting

of the setsCni
= [a + (i − 1)L(n), a + iL(n)] for i = 1, 2, . . . , 2n. SoC1 consists of two sets of

equal lengthC11
= [a, (a + b)/2] andC12

= [(a + b)/2, b].

Claim 24. There must be some integeri so thatSi ⊂ [a, (a + b)/2] or Si ⊂ [(a + b)/2, b].

Proof. If there is no such integer, then it follows thatSi∩[a, (a+b)/2] 6= ∅ andSi∩[(a+b)/2, b] 6= ∅

for all i. Therefore,(a+b)/2 ∈ Si for all i. Since the length of theSi’s is approaching zero it follows

that
{

(a + b)

2

}

=
∞
⋂

i=1

Si.

But then sinceµ is a Radon measure property (2) of Definition 13 on page 7 showsus µ({(a +

b)/2}) > 2µ((a, b))/3, which contradicts the assumption that there are no atoms for µ.

Therefore, by Claim 24 there exists someSi so that eitherSi ⊂ C11
or Si ⊂ C12

. Hence, either

µ(C11
) > 2µ((a, b))/3 or µ(C12

) > 2µ((a, b))/3. Define that set to beT1. The next open coverC2,

coversT1 with exactly two sets. Using the claim again and the fact thatµ((a, b)\T1) < µ((a, b))/3,

we know that exactly one member ofC2 hasµ-measure greater than2µ((a, b))/3. Call it T2. Con-

tinue inductively to generate a sequence of closed intervals{Tn} with the following properties:

(1) µ(Tn) > 2µ((a, b))/3 for all n,

(2) the length ofTn is exactly(b − a)/2n for all n, and

(3) Tn+1 ⊂ Tn for all n ≥ 1, hence∩∞
n=1Tn 6= ∅.

Since the intersection of theTi’s is nonempty and since the length of theTi’s is approaching

zero, it follows that the intersection of theTi’s is a single point and that theµ-measure of this

point is larger than2µ((a, b))/3 ≥ 0 as in Claim 24. This again contradicts the assumption thatµ

contains no atoms.
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1.1.4 CURVES OFFINITE TOTAL CURVATURE

Let γ : [a, b] −→ R
3 be an embedded rectifiable closed curve parametrized by arclength. Let

s0, s1, . . . , sn be a collection of values so thatsi ∈ [a, b], si < si+1 for all i = 0, 1, . . . , n − 1. For

the sake of notation, the subscripts will be taken modulon + 1. Let Ei denote the line segment

from γ(si) to γ(si+1) for i = 0, 1, . . . , n. Define the angleαi between edgesEi andEi−1 to be the

angle between the vectorsγ(si+1) − γ(si) andγ(si) − γ(si−1) satisfyingαi ∈ [0, π].

γ(si−2)

γ(si−1)
ai−1

γ(si)

αi

γ(si+1)

αi+1

γ(si+2)

αi+2

γ(si+3)
αi+3

Figure 1.2: Illustration of elements involved in Milnor’s definition of curvature.

Definition 25. Thetotal curvature of the inscribed polygonp given by thesi’s andEi’s as defined

by Milnor isκ(p) =
∑n

i=1 αi. Thetotal curvature ofγ, in the sense of Milnor, is given by

κ([a, b]) = sup
p∈Pol(γ)

(κ(p)).

It is shown in [5] that ifγ is a C2 curve, then Milnor’s definition of total curvature agrees

with the standard definitionκ(γ) =
∫ Len(γ)

0
|γ′′(s)| ds. For this reason, it is appropriate to denote

Milnor’s curvature byκ.

We can define the total curvature of any subarc(s0, s1) of γ similarly. We will see that extending

this measure on intervals to the unique compatible Borel measure gives the Milnor curvature

measureK on [a, b], which is defined so that for any open interval(s0, s1) ⊂ [a, b] we have

κ((s0, s1)) = K((s0, s1)).

11



Definition 26. We say thatγ : [a, b] −→ R
3 is a curve offinite total curvature providedγ is

rectifiable, andκ([a, b]) < ∞. The set of all such curves is denotedFTC.

Another way to interpret the values of theαi’s in Milnor’s definition of curvature is to realize

that they are the lengths of great circle arcs joining successive tangent vectors on the unit sphere.

This gives us another formulation of the total curvature. Tomake it precise, we need to establish a

few facts.

Lemma 27. If γ : [a, b] −→ R
3 is a curve with finite total curvature, thenγ has one-sided tangents

everywhere.

Proof. Recall that the one sided tangent of a curveγ at the points is given by

γ′
−(s) = lim

t→s−

γ(s) − γ(t)

‖γ(s) − γ(t)‖ .

If we let s ∈ [a, b] and let{si} be any infinite sequence so thats − si → 0+ monotonically as

i → ∞, then a one-sided tangent vector at the pointγ(s) is given by

γ′
−(s) = lim

i→∞

γ(s) − γ(si)

‖γ(s) − γ(si)‖

whenever this limit exists. To see thatγ has one-sided tangents everywhere, we proceed by con-

tradiction. Without loss of generality, assume thatγ(s) = 0 and that the one-sided tangent atγ(s)

does not exist. Then, let{si} be some sequence withs − si → 0+so that the limit

lim
i→∞

γ(si)

‖γ(si)‖

does not exist. Let{γ̂(si)} denote the sequence{γ(si)/‖γ(si)‖}. Now{γ̂(si)} is an infinite collec-

tion of points onS2, and sinceS2 is compact, it follows that there must be at least one accumulation

point. Leta1 be such an accumulation point. If every open neighborhoodU of a1 has the property

that all but finitely many elements of{γ̂(si)} are contained inU , thenlimi→∞ γ̂(si) = a1, which is

a contradiction. So, there must exist an open neighborhoodU1 of a1 that is disjoint from an infinite

12



subsequence{γ̂(sij )} of {γ̂(si)}. Again, by compactness ofS2, the sequence{γ̂(sij)} must con-

tain at least one accumulation pointa2. In addition, there must exist an open neighborhoodU2 of a2

that contains infinitely many elements of{γ̂(sij)}. By restricting to smaller open neighborhoods,

we may assume that there exists a constantC > 0 so thatU1 andU2 are open balls centered ata1

anda2 respectively and

inf
x∈U1,y∈U2

d(x, y; S2) ≥ C. (1.1)

By restricting to a subsequence, we may assume that{si} is a sequence so that

(1) γ(si) 6= γ(sj) for all i 6= j,

(2) s − si → 0+ monotonically asi → ∞ as before,

(3) γ̂(s2k+1) ∈ U1 for all k, and

(4) γ̂(s2k) ∈ U2 for all k.

We will now construct a polygon inscribed inγ with arbitrarily high curvature, contradicting

the assumption thatγ ∈ FTC.

Let v1 = γ(s1). We will now show that there exists some valuek so that the direction of the

edge with verticesv1 andv2 = γ(sk) lies withinU1. The following lemma must first be proven.

Lemma 28. Letw ∈ R
3 − {0} and let{wi} ⊂ R

3 − {0} be a sequence so that‖w − wi‖ → 0 as

i → ∞. If ŵ = w/‖w‖ andŵi = wi/‖wi‖, then

‖ŵ − ŵi‖ → 0 asi → ∞.

Proof. First, define‖w‖ = A and‖wi‖ = Ai, and letε > 0. Because‖w − wi‖ → 0, there exists

an integerN so that|A − Ai| ≤ εA/2 and‖w − wi‖ < εA/2 wheni > N . Then,

‖ŵ − ŵi‖ =

∥

∥

∥

∥

wAi − wiA

AAi

∥

∥

∥

∥

=
1

AAi
‖wAi − wiA‖

13



Now observe that

‖wAi − wiA‖ = ‖Ai(w − wi) + wi(Ai − A)‖

≤ (Ai‖w − wi‖ + ‖wi‖|Ai − A|)

= (Ai‖w − wi‖ + Ai|Ai − A|)
Using the assumptions that|A − Ai| ≤ εA/2 and‖w − wi‖ < εA/2, we see

Ai‖w − wi‖ + Ai|Ai − A| <

(

Ai

(

εA

2

)

+ Ai

(

εA

2

))

= εAAi.

Thus

‖ŵ − ŵi‖ < ε.

Since the pointsγ(si) → 0 asi → ∞, givenε > 0, there exists a positive integerN so that

‖γ(si)‖ < ε wheneveri > N . Hence, by makingε small enough, it follows from Lemma 28 that

the direction of a segment with end pointsv1 = γ(s1) andv2 = γ(s2N ) lies inU1.

In a similar fashion, since we know ˆγ(s2N ) ∈ U2 and since‖γ(si)‖ → 0 asi → ∞, we can

find a valuek large enough so that direction of the edge with endpointsv2 andv3 = γ(s2k+1) lies

within U2. By equation (1.1), the total curvature of these first two edges is at leastC. Continuing in

this fashion we can construct a polygon inscribed in the arc of γ from γ(s1) to γ(s) with vertices

v1, v2, . . . , vn whose total curvature is at least(n − 1)C.

Letting n → ∞ we have demonstrated a sequence of inscribed polygons whosecurvature

grows arbitrarily large. Thereforeγ /∈ FTC, and we have reached the desired contradiction. A

similar argument shows that the right sided tangent also exists. We conclude thatγ has both one-

sided tangents atγ(s).
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d1

d2

d3
U1

U2

Figure 1.3: Here we see points ond1, d2, d3 ∈ S2 that are the directions of the first three edges of
our construction. The spherical distance betweenU1 andU2 is at leastC, hence the length of the
great circle arc connectingd1 to d2 is at leastC, as is the length of the arc connectingd2 to d3.
Therefore, the total curvature of the polygon constructed so far is at least2C.

AlthoughFTC curves are not differentiable everywhere, Lemma 27 allows us to define a func-

tion similar to the tangent indicatrix of a differentiable curve.

Definition 29. Letγ : [a, b] −→ R
3 ∈ FTC be parametrized by arclength. We define theone-sided

tangent indicatrixT±
γ : [a, b] −→ S2 by

T±
γ (s) = lim

si→s±

γ(si) − γ(s)

‖γ(si) − γ(s)‖ .

We will now show that the length of either one-sided tangent indicatrix is equal to Milnor’s

total curvature for curves inFTC. We will need one last technical lemma to do this since the

length of a space curve is measured by the supremal lengths ofinscribed polygons and Milnor’s

total curvature is measured by the supremal length of curvesmade up of unions of great circle arcs.

We begin with a definition and will proceed to prove a general statement from which the desired

result will follow.
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Definition 30. Let Y and Z be metric spaces withY ⊂ Z. We say the metricsd(·, ·; Y ) and

d(·, ·; Z) areglobally compatiblewith constantC provided for ally1, y2 ∈ Y

1

C
≤ d(y1, y2; Y )

d(y1, y2; Z)
≤ C.

Lemma 31. LetY andZ be metric spaces withY ⊂ Z so that their metrics are globally compat-

ible with constantC. If γ : [a, b] −→ Y is a curve that is eitherY -rectifiable orZ-rectifiable, then

it is bothY -rectifiable andZ-rectifiable and

1

C
LenZ(γ) ≤ LenY (γ) ≤ C LenZ(γ).

Proof. Let Y ⊂ Z be globally compatible metric spaces. Letγ : [a, b] −→ Y be aZ-rectifiable

curve in Y . Since γ is Z-rectifiable we know thatLenZ(γ) = supp∈Pol(γ) LenZ(p) and

LenY (γ) = supp∈Pol(γ) LenY (p). SinceY andZ are globally compatible metric spaces with

constantC we have for each polygonp with verticesx0, x1, . . . , xn

n
∑

i=1

1

C
d(xi−1, xi; Z) ≤

n
∑

i=1

d(xi−1, xi; Y ) ≤
n

∑

i=1

Cd(xi−1, xi; Z).

Hence,
1

C
LenZ(p) ≤ LenY (p) ≤ C LenZ(p).

Since the above equation holds for allp ∈ Pol(γ) it follows that

1

C
LenZ(γ) ≤ LenY (γ) ≤ C LenZ(γ)

Corollary 32. Let γ : [a, b] −→ R
3 be any curve of finite total curvatureκ(γ). Then, if

T+
γ : [a, b) −→ S2 and T−

γ : (a, b] −→ S2 denote the one-sided tangent indicatrices ofγ,

then there exists a constantC so that

2

π
Len(T−

γ ) ≤ κ(γ) ≤ π

2
Len(T−

γ )

and
2

π
Len(T+

γ ) ≤ κ(γ) ≤ π

2
Len(T+

γ ).
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Proof. The total curvatureκ(γ) of γ is theS2-length ofT±
γ while Len(T±

γ ) is theR
3-length. By

Lemma 31, the inequalities in the statement of the corollaryare satisfied providedS2 andR
3 are

globally compatible metric spaces. Thus it suffices to show that given any two pointsx1, x2 ∈ S2,

there exists a constantC so thatd(x1, x2; R
3)/C ≤ d(x1, x2; S

2) ≤ Cd(x1, x2; R
3). To see this,

let x1, x2 ∈ S2, and consider the plane that contains the great circle arc between them. Rotate the

plane so that the straight line segmentx1x2 is vertical as shown in Figure 1.4.

x1

x2

θ

Figure 1.4: Here we observe thatd(x1, x2; S
2) = 2θ and d(x1, x2; R

3) = 2 sin θ, whereθ ∈
[0, π/2].

So,
d(x1, x2; S

2)

d(x1, x2; R3)
=

θ

sin θ
,

whereθ ∈ [0, π/2] and thus

d(x1, x2; S
2) =

θ

sin θ
d(x1, x2; R

3).

Sinceθ ∈ [0, π/2] we know that1 ≥ θ/ sin θ ≤ π/2. Therefore

2

π
d(x1, x2; R

3) ≤ d(x1, x2; S
2) ≤ π

2
d(x1, x2; R

3)

and this completes the proof.
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A property of curves in FTC needed in the next chapter is that the curvature of such a curve

is a Radon measure. Recall that the structure theorem for functions of bounded variation in [13]

asserts that the derivative of a function of bounded variation is a Radon measure.

Proposition 33. Let γ : [a, b] −→ R
3. Thenγ ∈ FTC if and only if both of the one-sided tangent

indicatrices ofγ are functions of bounded variation.

Proof. First suppose thatγ ∈ FTC and thatγ is parametrized by arclength. Then we are to show

that the one-sided tangent indicatricesT−
γ : (a, b] −→ S2 andT+

γ : [a, b) −→ S2 are of bounded

variation. By [20] a curve’s component functions are of bounded variation (and thus the curve is

of bounded variation) if and only if the curve is rectifiable.Hence, it suffices to show thatT+
γ and

T−
γ areR

3-rectifiable, but this is immediate from Corollary 32.

Now, if T±
γ are of bounded variation, then their coordinate functions are of bounded variation

and hence they areR3-rectifiable. The result follows from Lemma 31.

We are now prepared to construct the curvature measure. We define the following function to

be used in conjunction with Theorem 15 on page 8.

Definition 34. Letγ : [a, b] −→ R
3 be a curve of finite total curvature parametrized by arclength.

If γ(a) = γ(b), we define the functionFK : R −→ R by

FK(x) :=























0 x ≤ a

LenS2(T−
γ ((a, x])) + d(T+

γ (x), T−
γ (x); S2) x ∈ (a, b]

LenS2(T−
γ ([a, b])) + d(T+

γ (b), T−
γ (b); S2) x > b.

If γ is an open curve, then

FK(x) :=























0 x ≤ a

LenS2(T−
γ ((a, x])) + d(T+

γ (x), T−
γ (x); S2) x ∈ (a, b)

LenS2(T−
γ ([a, b))) x ≥ b.

Lemma 35. The functionFK is both increasing and right continuous.
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Proof. CertainlyFK is increasing since it measures theS2-length of arcs ofT−
γ . Let y ∈ R and

let {yn} be any sequence so thatyn → y+. If y ≤ a, then there exists a constantM so that

FK(yn) = 0 = FK(y) for all n > M . A similar argument shows thatFK is right continuous for all

y ≥ b. Now assume thaty ∈ (a, b) and again let{yn} be any sequence so thatyn → y+. All but

finitely many terms in the sequence{yn} must lie within the interval(a, b), therefore assume all

elements of the sequence{yn} lie within (a, b). Then, for eachn

FK(yn) = LenS2(T−
γ ((a, yn])) + d(T+

γ (yn), T
−
γ (yn); S2).

and we are to show

∣

∣LenS2(T−
γ ((a, yn])) + d(T+

γ (yn), T
−
γ (yn); S2) − LenS2(T−

γ ((a, y])) − d(T+
γ (y), T−

γ (y); S2)
∣

∣ → 0.

First note that ifT−
γ is continuous aty then

LenS2(T−
γ ((a, yn])) = LenS2(T−

γ ((a, y])) + LenS2(T−
γ ((y, yn])).

If T−
γ is not continuous aty, then there is a jump ofS2-distanced(T+

γ (y), T−
γ (y); S2) between the

pointsT−
γ (y) andT+

γ (y) and so

LenS2(T−
γ ((a, yn])) = LenS2(T−

γ ((a, y])) + LenS2(T−
γ ((y, yn])) + d(T+

γ (y), T−
γ (y); S2).

The above equation holds even whenT−
γ is continuous since, in that case,d(T+

γ (y), T−
γ (y); S2) = 0.

Therefore

∣

∣LenS2(T−
γ ((a, yn]) + d(T+

γ (yn), T
−
γ (yn); S

2) − LenS2(T−
γ ((a, y]) − d(T+

γ (y), T−
γ (y); S2)

∣

∣

= LenS2(T−
γ ((y, yn])) + d(T+

γ (yn), T−
γ (yn); S

2).

Sinceγ ∈ FTC the contribution to the total curvature at corners must be finite. Therefore,

∞
∑

n=0

d(T+
γ (yn), T−

γ (yn); S2) < ∞
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and so

d(T+
γ (yn), T−

γ (yn); S2) → 0.

Recall that sinceγ ∈ FTC, Proposition 33 asserts thatT−
γ is of bounded variation, hence it is

rectifiable. Therefore,LenS2(T−
γ ((y, yn])) → 0 since|y − yn| → 0.

Theorem 36. Let γ : [a, b] −→ R
3 be a curve of finite total curvature parametrized by arclength.

Then there is a unique Radon measureK onR such that

KF ((c, d]) = FK(d) − FK(c)

for all c, d.

Proof. This follows immediately from the definition ofFK, Lemma 35 on page 18, Theorem 15

on page 8, and Theorem 17 on page 8.

It is interesting to note that the measureK is not absolutely continuous with respect to arclength.

Indeed,K contains an atom whenever the left and right tangent vectorson γ are not equal. This

occurs at corner or cusp points alongγ. Further, the measureK((a, b)) of any interval(a, b) is

equal to the total curvature of that interval in the sense of Milnor κ((a, b)).

1.2 DISTORTION

We begin with a definition from Gromov’s 1981 paper “Filling Riemannian Maniflods.”

Definition 37. Let V and W be metric spaces with metricsd(·, ·; V ) and d(·, ·; W ) respectively

and letf : V −→ W be a map. Then, thedilation of f is a Lipschitz constant forf given by

Dil f = sup
v1,v2∈V

d(f(v1), f(v2); W )

d(v1, v2; V )
.

In the event thatf is a homeomorphism ofV onto a submanifoldW of R
n whereW is equipped

with the Euclidean metric (i.e.,d(·, ·; W ) = d(·, ·; Rn)) we can define thedistortionof f to be the
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product

[Dil f ]
[

Dil f−1
]

=

[

sup
v1,v2∈V

d(f(v1), f(v2); R
n)

d(v1, v2; V )

] [

sup
w1,w2∈W

d(f−1(w1), f
−1(w2); V )

d(w1, w2; Rn)

]

.

Gromov notices that all closed curves inR
n have distortion at leastπ/2, with equality only for

the round circle (see Proposition 45 on page 33). He also asksa question which is still open: “Does

everyisotopy class of knots inR3 have a representativeV in R
3 with distortion< 100? Is it so for

all torus knotsTp,q for p, q → ∞?”

It seems likely that the answer to Gromov’s first question is “no.” In order for a curve to have

high distortion, there must exist points on the curve that are close together in space and yet far

apart along the knot. If an entire knot type is to have high distortion, it must be the case thatany

embedding of the knot contains a pair of such points. A candidate for a knot type of high distortion

is the (n, n − 1)-torus knot for some large value ofn. Indeed, as the value ofn increases the

distortions of the curves given by the parametrizations in Figure 1.5 approach infinity.

Since we are only concerned with the distortion of knots, we will start by defining distortion

in a more specific form. We assume the manifoldV is the circleS1, and that the embedding takes

place inR
3. The homeomorphism, then, is of the formγ : S1 −→ W , whereW ⊂ R

3 is equipped

with the Euclidean metric, and in this case the distortion can be simplified somewhat.

Lemma 38. Let γ : [a, b] −→ R
3 be a simple closed curve parametrized by arclength. Then

Dil γ = 1 and so the distortion ofγ is Dil γ−1.

Proof. Sinceγ is rectifiable,

Len(γ) = sup
p∈Pol(γ)

Len(p) < ∞.

Let ε > 0, and suppose that{pi} is a sequence of polygons inscribed inγ so thatlimi→∞ Len(pi) =

Len(γ). Eachpi has a sequence of vertices{γ(xij )} wherej = 1, . . . , ni. In addition, since the

polygons are inscribed, to each edgeeij with endpointsγ(xij ) andγ(xij+1
), there is an associated

arcaij := γ([xij , xij+1
]) of γ, whose endpoints are equal to the endpoints ofeij . Sincelimi→∞ pi
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Figure 1.5: Here we see an(n, n− 1)-torus knot (wheren = 14), which has been parametrized by
(3+ cos(2π(n− 1)t) cos(2πnt), 3+ cos(2π(n− 1)t) sin(2πnt), sin(2π(n− 1)t)) wheret ∈ [0, 1].

is converging to the length ofγ, we know that there is a positive integerN so thatLen(pi) >

(1 − ε) Len(γ) for all i > N . This condition can be rewritten as

ni
∑

j=1

d(γ(xij ), γ(xij+1
); R3) >

ni
∑

j=1

(1 − ε)d(γ(xij), γ(xij+1
); γ)

for all i > N . This implies that there is at least one edgeeik of pi so that

d(γ(xik), γ(xik+1
); R3) ≥ (1 − ε)d(γ(xik), γ(xik+1

); γ) = ε)d(γ(xik), γ(xik+1
); S1).

Hence

Dil γ ≥ d(γ(xik), γ(xik+1
); R3)

d(xik , xik+1
; S1)

≥ 1 − ε.
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Letting ε → 0, we have shown that Dil(γ) ≥ 1. We now observe that Dil(γ) ≤ 1. Sinceγ is

parametrized by arclength, we know that the valued(γ(x), γ(y), R3) is at most|x − y| and hence

Dil(γ) ≤ 1.

Given Lemma 38, the definition of distortion can be written asfollows for rectifiable curves:

Definition 39. Letγ : [a, b] −→ R
3 be a rectifiable simple closed curve. Thedistortion quotientof

γ at the point(s, t) is given by

dqγ(s, t) : =
d(γ(s), γ(t); γ)

d(γ(s), γ(t); R3)
.

Thedistortionof the curveγ, denotedδ(γ), is then

δ(γ) : = sup
s 6=t

dqγ(s, t).

Finally, if we let [γ] denote the knot type ofγ, then we can define the distortion of the entire

knot type to be

δ([γ]) : = inf
γ∈[γ]

δ(γ).

Notice that the distortion of a straight line is 1. If we replace the Euclidean 3-space in the

definition of distortion with another Riemannian manifold,then geodesics will have distortion 1

(at least locally).

1.2.1 SCALE INVARIANCE

Gromov’s questions about distortion remain unanswered at the time of this writing because mini-

mizing distortion among the set of curves in a knot type is a very tricky endeavor. In fact, it is not

currently known that a distortion minimizer exists for any knot type other than the unknot. One

technical obstacle to proving the existence of distortion minimizers is the fact that the distortion is

scale invariant.
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Proposition 40. Letγ : [a, b] −→ R
3 be a rectifiable curve, and letC be any positive constant. Let

Cγ : [a, b] −→ R
3 be the curve defined by

(Cγ)(s) = Cγ(s).

Thendqγ(s, t) = dqCγ(s, t) for all points(s, t) ∈ [a, b] × [a, b] with s 6= t.

Proof. Since‖Cs−Ct‖ = C‖s−t‖ for all positiveC, it follows that the denominator indqCγ(s, t)

is equal to theC times the denominator ofdqγ(s, t) for all points(s, t) ∈ [a, b] × [a, b] with s 6= t.

By Lemma 11 on page 5,d(x, y, Cγ) = Cd(x, y, γ), so we can concludedqCγ(s, t) = dqγ(s, t) for

all points(s, t) ∈ [a, b] × [a, b] with s 6= t.

1.2.2 EQUAL ANGLE CONDITION

In the definition of distortion, we take the supremum ofdqγ over all pairs of distinct points on

the curve. We can rewrite this supremum for curves by thinking of the spaceγ × γ as a family

of sets of pairs of points with arclength distanceℓ and taking the supremum over all values of

ℓ ≤ Len(γ)/2 if γ is closed andℓ ≤ Len(γ) if γ is open. We have, ifγ is closed

δ(γ) = sup
ℓ≤Len(γ)/2

[

sup
x∈R/ Len(γ)

ℓ

‖γ(x) − γ(x + ℓ)‖

]

.

Similarly, if γ is open we have,

δ(γ) = sup
ℓ≤Len(γ)

[

sup
x∈R/Len(γ)

ℓ

‖γ(x) − γ(x + ℓ)‖

]

.

If the curve is smooth enough, we can take derivatives to find conditions on pairs of points

which realize the supremum. This gives us the following proposition.

Proposition 41. Suppose thatγ is an embedded closed curve inR
3 parametrized by arclength.

Supposex 6= y, γ is differentiable atγ(x) andγ(y), anddqγ(x, y) = δ(γ). In addition suppose

d(γ(x), γ(y); γ) 6= Len(γ)/2 if γ is closed andd(γ(x), γ(y); γ) 6= Len(γ) if γ is open. Then,
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〈γ(x) − γ(y), γ′(x)〉 = 〈γ(x) − γ(y), γ′(y)〉 , (1.2)

and
〈

γ(x) − γ(y)

‖γ(x) − γ(y)‖ , γ′(y)

〉

= − 1

dqγ(x, y)
=

〈

γ(x) − γ(y)

‖γ(x) − γ(y)‖ , γ′(x)

〉

(1.3)

That is, the angle between the chordγ(x)γ(y) and the tangent vector atγ(x) is equal to the

angle between the chordγ(x)γ(y) and the tangent vector atγ(y). In addition, the angle between

the chordγ(x)γ(y) andγ′(x) (or γ′(y)) is equal to the negative reciprocal of the distortion quotient

evaluated at(x, y).

Proof. First assume that ifγ is closed, thend(γ(x), γ(y); γ) 6= Len(γ)/2 and if γ is open, then

d(γ(x), γ(y); γ) 6= Len(γ). If γ is differentiable atγ(x) andγ(x + ℓ) anddqγ(x, x + ℓ) = δ(γ)

then the functionℓ/‖γ(x) − γ(x + ℓ)‖ is differentiable at(x, ℓ) and its partial derivatives must

vanish. We now compute these partial derivatives.

∂

∂x

ℓ

‖γ(x) − γ(x + ℓ)‖ = −ℓ
〈γ(x) − γ(x + ℓ), γ′(x) − γ′(x + ℓ)〉

‖γ(x) − γ(x + ℓ)‖3

∂

∂ℓ

ℓ

‖γ(x) − γ(x + ℓ)‖ =
‖γ(x) − γ(x + ℓ)‖2 − ℓ 〈γ(x) − γ(x + ℓ),−γ′(x + ℓ)〉

‖γ(x) − γ(x + ℓ)‖3

The case when‖γ(x)−γ(x+ℓ)‖ = 0 can only happen whenℓ = 0 since the curve is embedded

and we assumedℓ 6= 0. When the numerators above vanish,

〈γ(x) − γ(x + ℓ), γ′(x) − γ′(x + ℓ)〉 = 0,

and

‖γ(x) − γ(x + ℓ)‖2 − ℓ 〈γ(x) − γ(x + ℓ),−γ′(x + ℓ)〉 = 0.

If we definey = (x + ℓ), then the first of these two equations immediately gives us equa-

tion (1.2). Rearranging some terms on the second equation gives us

‖γ(x) − γ(y)‖
d(x, y; γ)

= −
〈

γ(x) − γ(y)

‖γ(x) − γ(y)‖ , γ′(y)

〉

which, when combined with equation (1.2), gives us equation(1.3)
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We can use Proposition 41 on page 24 to greatly simplify the computation of a curve’s distor-

tion. We now provide a couple of examples. While these computations are not rigorous (we use

Maple) they illustrate how Proposition 41 can be used to find the distortion of a curve. Consider

the ellipse(a cos θ, b sin θ) and letγ(s) denote its parametrization by arclength. It is difficult to

find a closed form for the arclength between arbitrary pairs of points on the ellipse. So computing

the distortion quotient at all pairs(s, t) with s 6= t is difficult. However, Proposition 41 asserts that

the only pointsx andy that satisfydqγ(x, y) = δ(γ) must either be antipodal or must also satisfy

the equation

〈γ(x) − γ(y), γ′(x)〉 = 〈γ(x) − γ(y), γ′(y)〉 .

A Maple computation shows that the pairs of points that satisfy Proposition 41 are exactly those

that are the intersection of horizontal lines with the ellipse, the intersection of vertical lines with

the ellipse, and points that areLen(γ)/2 apart along the curve.

Figure 1.6: Above is an illustration of an example of each of the first two types of critical points.
The critical points that areLen(γ)/2 apart clearly maximize the distortion quotient at the minor
axis.

Assuming that these are the only pairs of points that satisfyProposition 41, it suffices to con-

sider only them when computing the supremum of the distortion quotient. Another Maple calcula-

tion shows that in the case of the ellipseγ, the distortionδ(γ) is achieved at the endpoints of the

minor axis. So, if the length of the minor axis isa/2, thenδ(γ) = Len(γ)/a.

Consider now a stadium curveF : [a, b] −→ R
2 illustrated in Figure 1.8 consisting of two half

circles of radiusR and two line segments of lengthL connecting the circle arcs. Another Maple

calculation shows that there are three types of critical points fordqF , pairs of points on the straight
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Figure 1.7: The distortion of an ellipse is achieved at the endpoints of the minor axis.

line segments, pairs of points on the circle arcs, and pairs of points that areLen(F )/2 apart along

the curve. The first two types are illustrated in Figure 1.8. The distortion quotient for critical points

that areLen(F )/2 apart is maximized with the critical points that bisect the straight line segments.

Orient the stadium curve so that the center of mass is at the origin and the straight line segments

are horizontal. If(x1, x2) is any point on one of the straight line segments, then the pair of points

(x1, x2), (x1,−x2) is a critical point fordqF . In this case, the distortion quotient is maximized

when the arclength is maximized since the denominator of thedistortion quotient is constantly2R.

Hence, the largest value for the distortion quotient for these critical points is(πR + L)/2R and

it occurs when the distortion quotient is evaluated at the pair of points that bisect the straight line

segments.

Figure 1.8: Here we see representatives of points that satisfy condition (1) of Proposition 41 for
the stadium curveF .
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In addition if (y1, y2) is any point on one of the circle arcs then the pairs(y1, y2), (y1,−y2) as

well as the pairs(y1, y2), (−y1, y2) are critical points fordqF . We know that if the points are on the

same circle arc then their distortion quotient can be no morethanπ/2. On the other hand, if the

pair of points for an arc connecting the two circle arcs, thentheir distortion quotient varies from 1

to (πR + L)/(2R + L). Notice that the latter quantity gets larger asL → 0 and whenL = 0, its

value isπ/2.

Then, assuming the accuracy and completeness of the Maple calculation,

δ(F ) = max

{

πR + L

2R
,
πR + L

2R + L

}

.

These fractions have the same numerator, but the denominator of the second is larger. Thus

πR + L

2R
>

πR + L

2R + L

whenL > 0 and

δ(F ) =
πR + L

2R
.

Figure 1.9: The maximum of the distortion quotient for the stadium curveF occurs at the pair of
points that bisect the straight line segments.

1.3 GEOMETRY AND DISTORTION

Theorem 42. (Crofton) Given any rectifiable plane curveγ : [a, b] −→ R
2, letPθ(γ) be the length

of the orthogonal projection ofγ onto the line through the origin with direction(cos(θ), sin(θ)).
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Then

Len(γ) =
1

4

∫ 2π

0

Pθ(γ) dθ.

That is, the length ofγ is a constant multiple of the average length of the projection of γ onto

a line through the origin.

Proof. Let Q denote the set of all polygons inscribed inγ. Then by definition, the length ofγ is

Len(γ) = sup
q∈Q

Len q.

Therefore, it will suffice to prove the theorem for each polygon q, since the lengths of the

projections of theq converge to the length of the projection ofγ. In fact, it suffices to prove the

theorem for a single edge ofq. Let E be any edge onq with lengthLen(E). Without loss of

generality we may assume thatE has one endpoint at the origin and thatE lies on thex-axis.

The projection ofE onto the linet(cos θ, sin θ) has length exactlyLen(E)| cos θ|. So, averaging

this value over all values ofθ ∈ [0, 2π] gives the integral

1

2π

∫ 2π

0

Len(E)| cos θ| dθ =
2 Len(E)

π
.

Now, when computing the average projection length of the entire polygonq, it suffices to find

the average projection length of each edge individually, and then sum the results. To do so, we

view the edges ofq as a collection of directed line segments with one vertex at the origin.

Moreover, if an edgeE makes an angleφ with the positivex-axis, then writing

∫ 2π

0

Pθ(E) dθ =

∫ 2π+φ

φ

Pθ(E) dθ

we see that we may think of each edge ofq as lying on the positivex-axis.

It has now been shown that the length ofq is

∑

i

Len(Ei) =
∑

i

1

4

∫ 2π

0

Pθ(Ei) dθ =
1

4

∫ 2π

0

Pθ(γ) dθ.

29



Figure 1.10: On the left we see a polygonal curve. On the right, the edges of the curve after they
have been translated so that one endpoint is at the origin. IfE is any edge on the curve on the left
andÊ is the corresponding edge on the right, thenLen(E) = Len(Ê) andPθ(E) = Pθ(Ê) for
all θ.

Theorem 43. (Schur’s Lemma[22]) Let γ : [a, b] −→ R
2 be a plane arc with total curvature

κ([a, b]) which forms a convex curve with the chord with endpointsγ(a) andγ(b). Letγ∗ : [a, b] −→

R
3 be an arc of the same length so that given any interval[c, d] ⊂ [a, b] we haveκ ([c, d]) ≥

κ∗ ([c, d]). If ℓ∗ andℓ denote the lengths of the chords joining their endpoints, thenℓ ≤ ℓ∗.

Proof. LetT+
γ andT+

γ∗ be the right tangent indicatrices ofγ andγ∗ respectively. By convexity there

existss0 ∈ [a, b] so that eitherT+
γ (s0) is in the same direction asγ(b)−γ(a) or,T+

γ is discontinuous

ats0 and the point(γ(b)− γ(a))/‖γ(b)− γ(a)‖ lies on the great circle arc with endpointsT+
γ (s0)

andT−
γ (s0). In either case, letT0 denote the unit vector in the direction ofγ(b) − γ(a) at the point

γ(s0). Again by convexity we know thatκ(γ([a, b])) ≤ 2π. It follows thatκ(γ([a, s0])) ≤ π and

κ(γ([s0, b])) ≤ π.

If the curveγ has no atom for the curvature measureK, i.e.,T+
γ is continuous ats0, thenγ∗

cannot have an atom ats0. To see this we use the fact that the curvature measureK is a Radon mea-

sure. LetK andK∗ denote the curvature measures associated to the curvesγ andγ∗ respectively.
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γ(a) γ(b)

γ(s0)

T0

γ(a) γ(b)

γ(s0)

T−
γ (s0)

T+
γ (s0)

T0

Figure 1.11: Here we see the two cases that can arise when defining T0. The first case, on the left,
occurs when there is a points0 so thatT+

γ (s0) is in the direction of the chord joining the endpoints
of the arcγ([a, b]). In the case on the right we see that there is no suchs0. However the convexity
of γ([a, b]) guarantees that there is a points0 so that there is a vector in the cone defined byT−

γ

andT+
γ that is in the direction ofγ(b) − γ(a).

SinceK is a Radon measure we know

K({s0}) = inf{K(U) : U open ands0 ∈ U}.

Now,K({s0}) = 0 and so there exists a sequence of open setsUi containings0 so thatK(Ui) → 0

asi → ∞. By hypothesis, we also know thatK∗(U) ≤ K(U) for all open intervalsU . Therefore

K∗(Ui) ≤ K(Ui) for all i. So,

K∗({s0}) = inf{K∗(U) : U open ands0 ∈ U} ≤ lim
i→∞

K∗(Ui) ≤ lim
i→∞

K(Ui) = 0.

In this case we rigidly rotateγ∗ so thatT+
γ∗(s0) = T0.

If insteadT+
γ is discontinuous ats0 then, using a similar measure theoretic argument,T+

γ∗ is

also discontinuous ats0. In this case we rotateγ∗ so that

d(T+
γ (s0), T0; S

2) ≥ d(T+
γ∗(s0), T0; S

2)

and

d(T−
γ (s0), T0; S

2) ≥ d(T−
γ∗(s0), T0; S

2).
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We have chosenT0 in this way so that we can express the length of the chords as

‖γ(b) − γ(a)‖ = 〈γ(b) − γ(a), T0〉 =

∫ b

a

〈

T+
γ (s), T0

〉

ds,

and

‖γ∗(b) − γ∗(a)‖ ≥ 〈γ∗(b) − γ∗(a), T0〉 =

∫ b

a

〈

T+
γ∗(s), T0

〉

ds.

Now it remains only to show that
〈

T+
γ (s), T0

〉

≤
〈

T+
γ∗(s), T0

〉

almost everywhere.

Observe that
〈

T0, T
+
γ (s)

〉

= cos
(

d(T0, T
+
γ (s); S2)

)

,

and
〈

T0, T
+
γ∗(s)

〉

= cos
(

d(T0, T
+
γ∗(s); S2)

)

since all the pointsT0, T+
γ (s), and T+

γ∗(s) lie on a unit sphere. Moreover,cos(x) is an non-

increasing function on the interval[0, π] and so it will suffice to prove

d(T0, T
+
γ∗(s); S2) ≤ d(T0, T

+
γ (s); S2).

In addition sinceγ([s, s0]) is a planar arc of total curvature at mostπ we knowT+
γ is a single great

circle arc of length at mostπ. Thus

d(T0, T
+
γ (s); S2) = LenS2(T+

γ ([s, s0])).

We know thatd(T0, T
+
γ∗(s); S2) ≤ LenS2(Tγ∗([s, s0])). Therefore it remains only to show that

LenS2

(

T+
γ∗([s, s0])

)

≤ LenS2(T+
γ ([s, s0])). But, by definition of curvature measure for finite total

curvature curves as defined by the right continuous functionFK in Definition 34 on page 18, these

lengths areκ([s, s0])
∗ andκ([s, s0]) respectively and by hypothesisκ([s, s0])

∗ ≤ κ([s, s0]). This

completes the proof.

In their 1998 paper [1], Robert Kusner and John Sullivan considered rectifiable curves and

studied the relationship between a closed curve’s distortion and its ropelength. The ropelength
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of a curve is the ratio of the length of the curve to the curve’s“thickness”. The thickness of a

curve measures the minimum of the lengths of a certain familyof chords on the curve. We cannot

include all chords in the family, since the lengths of chordsjoining nearby points on the curve must

be small. We can avoid this problem when computing thicknessby ignoring pairs whose distortion

is less than some threshold. Following Kusner and Sullivan in [1], we give

Definition 44. Given any real numberb ≥ 1, theb distortion thicknessof a curveγ ⊂ R
n is

τb(γ) : = inf
dqγ(p,q)≥b

‖γ(p) − γ(q)‖,

the minimum distance between points of distortion more thanb.

The following proposition from [1] is of direct interest here. We define antipodal points on a

closed curveγ to be points that areLen(γ)/2 apart along the curve.

Proposition 45. Let γ ⊂ R
n be any closed rectifiable curve. Defineδ0(γ) to be the supremum of

the distortion quotient taken over all pairs ofantipodalpoints. Then,δ(γ) ≥ δ0(γ) ≥ π/2, with

equality if and only ifγ is a round circle.

Proof. Since the distortion is scale invariant, we can assume thatγ has length2π. Further assume

that γ is parametrized by arclength. It is immediate thatδ(γ) ≥ δ0(γ) since each is computed

as a supremum of the distortion quotient and the supremum used to computeδ(γ) is taken over

a larger set. Therefore, it suffices to find a pair of antipodalpointsγ(s) and γ(s + π) so that

‖γ(s) − γ(s + π)‖ ≤ 2. Indeed, if such a pair of points exists then, since we knowγ(s) and

γ(s + π) are antipodal, we have,

δ0(γ) ≥ π

‖γ(s) − γ(s + π)‖ ≥ π

2
.

Assume that no such pairγ(s) andγ(s + π) exists. Then all pairs of antipodal points must be

a distance more than2 apart. Define a new curvef by f(s) = γ(s)− γ(s + π). Our assumption is

now thatf lies completely outsideB2(0), the closed ball of radius 2 inRn. Notice that this function

has the following properties:
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(1) f(s + π) = γ(s + π) − γ((s + π) + π) = −(γ(s) − γ(s + π)) = −f(s), and

(2) sinceγ is parametrized by arclength we have

‖f(s) − f(t)‖ = ‖γ(s) − γ(s + π) − γ(t) + γ(t + π)‖

≤ ‖γ(s) − γ(t)‖ + ‖γ(t + π) − γ(s + π)‖

≤ |s − t| + |t + π − s − π|

= 2|t − s|.

That is,f is Lipschitz with speed at most 2.

The first of these conditions tells us that any arcA of f from f(s) to f(s + π) has endpoints

that are antipodal points on a sphere of radius‖f(s)‖ centered at the origin inRn.

f(s)

f(s + π) = −f(s)

A

Figure 1.12: Illustration of condition (1) in the proof of Proposition 45 on the preceding page.

So, now let us consider the length of the arcA. Since the arc lies completely outside the

closed ball of radius 2, its length must be more than the length of a geodesic connecting two

34



antipodal points on∂B2(0), which is2π. But, condition (2) above stipulates that the arc fromf(s)

to−f(s) = f(s + π) can have length no more than2((s + π) − s) = 2π, a contradiction.

Note that we can achieve a distortion ofπ/2 exactly when the curvef traces out a great circle.

This completes the proof.

Kusner and Sullivan use this lemma to show that theτπ/2 thickness is well defined for any

closed curve. This thickness will not quite serve our purposes, and instead we will rely later on the

τδ([γ]) thickness for curves of knot type[γ].

We will also need a lemma from Denne and Sullivan in [10].

Lemma 46. An arcγab ∈ R
n of total curvatureκ < π has distortionδ(γab) ≤ sec κ/2.

Proof. Let γ(a) and γ(b) denote the endpoints ofγab. Consider the planar curvêγab with the

same length and the same curvature measure asγab which forms a convex curve with its chord,

and let γ̂(a) and γ̂(b) denote its endpoints. Schur’s lemma asserts thatd(γ̂(a), γ̂(b); R3) ≤

d(γ(a), γ(b); R3). Then, for alls, t ∈ [a, b]

dqγ̂(s, t) =
d(γ̂(s), γ̂(t); γ̂)

d(γ̂(s), γ̂(t); R3)
=

d(γ(s), γ(t); γ)

d(γ̂(s), γ̂(t); R3)
≥ d(γ(s), γ(t); γ)

d(γ(s), γ(t); R3)
= dqγ(s, t).

Pick any two pointsx andz in the plane. Given an initial direction for an edge startingat x

there is a unique position for a pointy on that edge forming a trianglexyz with exterior angle

κ at y. If we let x = γ̂(a) and z = γ̂(b), then the entire arĉγab must lie within the triangle

xyz. Crofton’s formula implies that̂γab must be shorter than the polygonal segmentxy ∪ yz. So,

dqγ̂(a, b) ≤ δ(xy ∪ yz).

We must now computeδ(xy∪yz). We may assume thaty = (0, 0), x = (−p, q), andz = (p, r)

as in Figure 1.13. The segmentxy ∪ yz is differentiable everywhere except at the corner point.

Hence Proposition 41 tells us that the only candidates for points away fromy that realize the

distortion occur when the two anglesθ andφ in Figure 1.13 are equal. In this case, the resulting

triangle with anglesθ, φ andπ − κ is isoceles and so the distortion quotient issec (κ/2). For pairs

includingy the distortion quotient is 1. So, sincesec(κ/2) ≥ 1 we haveδ(xy ∪ yz) = sec(κ/2).
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x = (−p, q)
z = (p, r)

(−pt, qt) θ

(ps, rs)
φ

κy = (0, 0)

Figure 1.13: It suffices to consider a triangle with vertices(−p, q), (0, 0), and(p, r).

Now, supposêγ(s) andγ̂(t) are any points on the arĉγab. If we letκ′ denote the total curvature

on the arĉγst, thenκ′ ≤ κ. By repeating the argument above we know thatdqγ̂(s, t) ≤ sec(κ′/2)

and sincesec(φ) is an increasing function on the interval(0, π) it follows thatdqγ̂(s, t) < sec(κ/2).

Thus

δ(γab) ≤ δ(γ̂ab) ≤ δ(xy ∪ yz) = sec
(κ

2

)

and this completes the proof.
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CHAPTER 2

MAIN THEOREM

2.1 A NEW POINT OF V IEW ON GROMOV’ S DISTORTION

In [4] Gromov defines the distortion of a continuous curveγ : [a, b] −→ R
3 as

δ(γ) := sup
s 6=t

d(γ(s), γ(t); γ)

d(γ(s), γ(t); R3)
.

where the fraction is called the distortion quotientdqγ(s, t). He then poses the question, “Does

there exist a curveγ in each knot type withδ(γ) < 100?” The question really asks whether or

not there exists a uniform upper bound for the distortion of all knot types. Though it has attracted

considerable interest, Gromov’s question has proved very difficult to answer.

It is natural to conjecture that no such bound exists. A proofwould require two steps. We first

need to find a topological invariantX that increases with knot complexity. We must then construct

a lower bound on the knot’s distortion in terms ofX . Using this lower bound, we can then exhibit a

family of knots{γi} so that the sequence{δ([γi])} diverges. Neither step seems easy to carry out.

Choosing a suitable invariantX requires care. Our topological invariant must increase without

bound for some, but not all, families of knots. For a smooth knot γ there exists an upper

bound for the sequence{δ([γ]), δ([γ#γ]), δ([γ#γ#γ]), . . .}1. It follows that if the sequence

{X ([γ]),X ([γ#γ]),X ([γ#γ#γ]), . . .} diverges, thenX will be of no use when defining a diver-

gent sequence of lower bounds for distortion. This rules outmany well known invariants such as

crossing number, bridge number, and genus.

1This was first pointed out in print by O’Hara [7], who observedthat the distortion of a number of tiny
knots arranged around a large circle is independent of the number of knots.

37



The next task involves constructing a lower bound on the distortion of a curve in terms of the

chosen topological invariant. This requires finding pointsγ(s) andγ(t) on the curveγ for which

dqγ(s, t) is large. Unfortunately, such points can be quite elusive.

The main theorem shows that length minimizing curves in a particular subsetUC([γ]) of [γ]

have the property that points with relatively large distortion quotient saturate arcs of positive total

curvature. This should make it easier to bound the distortion of curves inUC([γ]) in terms of a

topological invariantX ([γ]).

The setUC([γ]) has several membership requirements in addition to the factthatUC([γ]) ⊂ [γ].

For technical reasons we assume all curves inUC([γ]) have finite total curvature. Second, we

require that a constantC bounds the distortion of knots inUC([γ]) from above. If we chooseC

to be a constant multiple ofδ([γ]), this bound will allow us to relate lower bounds for distortion

of curves inUC([γ]) to lower bounds onδ([γ]). Hence any divergent sequence of lower bounds

{bi} on the distortion of knots in, say,{U2δ([γ])([γi])} will provide a negative answer to Gromov’s

question. This is illustrated in Figure 2.1 on the next page.

The last requirement for membership inUC([γ]) stems from our interest in studying curves of

minimum length. Due to the scale invariance of distortion the set of length minimizers inUC([γ])

will be empty unless we add another constraint. Hence we mustfix a scale for curves inUC([γ]).

But even if we prevented a sequence of curves{γk} ⊂ UC([γ]) approaching a curveγ0 of infimal

length from shrinking to a point, we would still be concernedthatγ0 might not be in[γ]. After all,

knotted regions can pull tight when decreasing length as seen in Figure 2.2 on page 40. To prevent

this, we fix scale in a carefully chosen way. Recall theb-distortion thickness of a curveγ is given

by

τb(γ) = inf
dqγ(p,q)≥b

‖γ(p) − γ(q)‖,

the infimal distance between pairs of points onγ with distortion quotient at leastb. We require that

τδ([γ])(γ) ≥ 1 for curvesγ ∈ UC([γ]).
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Figure 2.1: Here we see a graph representing a divergent sequence{bi} of lower bounds on the
distortion of certain curves inUCγi

([γi]). If we defineCγi
= 2δ([γi]) then this will also yield a

divergent sequence{bi/2} of lower bounds onδ([γi]).

We are now prepared to state the main thereom. For now we thinkof a “δ([γ])-drc” as a pair

of points(s, t) for whichdqγ(s, t) = δ([γ]). We will define this term precisely in Definition 50 on

page 44.

Theorem 55 (Main Theorem). Let UC([γ]) be the set of all finite total curvature curvesγ in

[γ], with distortion δ(γ) < C and distortion thicknessτδ([γ]) ≥ 1 (i.e., any point(s, t) with

dqγ(s, t) ≥ δ([γ]) satisfies‖γ(s) − γ(t)‖ ≥ 1). Then any open interval on a curve of minimum

length inUC([γ]) is either a straight line segment or contains an endpoint of aδ([γ])-drc.
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Figure 2.2: Here are three representatives from a sequence of figure eight knots with decreasing
length that converges to the unknot. The pinch on the left illustrates the concern that every member
of the sequence of curves may have maximum distortion realized by a pair of points a constant
distance apart even though the knotted region is shrinking to a point.

The proof of the main theorem will be a proof by contradiction. Suppose that we have a curve

γ : [a, b] −→ R
3 of minimum length inUC([γ]) and an arcγ((c, d)) onγ with positive total curva-

ture that does not contain an endpoint of aδ([γ])-drc. We show that it is possible to decrease the

length of the arcγ((c, d)) to obtain a new curve that is also a member ofUC([γ]). We have then

reached a contradiction sinceγ is a curve of minimum length inUC([γ]). The proof requires two

propositions.

(1) There existsε > 0 so thatdq(s, t) < δ([γ])− ε for all points(s, t) ∈ (c, d)× [a, b]∪ [a, b]×

(c, d). (Proposition 52 on page 45)

(2) The arcγ((c, d)) can be changed in a length decreasing way so that the increaseof the

distortion quotient on(c, d) × [a, b] ∪ [a, b] × (c, d) is less thanε and the change of the

distortion quotient on(c, d)× (c, d)− ((c, d) × [a, b] ∪ [a, b] × (c, d)) is nonpositive. Hence

the distortion ofγ is not increased. (Proposition 53 on page 46)

We point out that ifdqγ could be extended to a continuous function on[a, b] × [a, b] then (1)

would be immediate and (2) would be much easier to prove. However, this is not always possible

for finite total curvature curves.
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2.2 ON THE DISCONTINUITY OF dqγ FOR γ ∈ FTC

Let γ : [a, b] −→ R
3 be a continuous embedded curve. Then sinceγ is continuous, the functions

d(·, ·; γ) andd(·, ·; R3), restricted to points onγ, are each continuous functions. So their ratio, the

distortion quotient, is continuous whenever the denominator is nonzero. Indeed,dqγ is only defined

for points off the diagonal of[a, b] × [a, b].

Regrettably, ifγ ∈ FTC then it may not be possible to definedqγ on the diagonal in a way that

will result in a continuous function. While curves inFTC have one-sided tangents everywhere,

the right and left tangent may not be equal at a given points0. This can cause a non-removable

discontinuity ofdqγ at (s0, s0). The following example illustrates such a scenario.

A P1

P2
φ

C(c)

Figure 2.3: This example illustrates a discontinuity of thedistortion quotient. The discontinuity
of the tangent curve at the point corresponding to the cornerpoint causes a jump in the distortion
quotient.

Let C : [a, b] −→ R
2 denote the comet shaped curve in Figure 2.3 consisting of an arc A of a

circle and a polygonal section, consisting of two line segmentsP1 andP2, with exterior angleφ.

Let c ∈ [a, b] so thatC(c) is the corner point. A calculation in the proof of Lemma 46 on page 35

shows thatδ(C) = sec (φ/2) anddqC(s, t) = δ(C) on the continuum of points

E = {(s, t) ∈ [a, b] × [a, b] : C(s) ∈ P1, C(t) ∈ P2, andd(C(s), C(c), C) = d(C(t), C(c), C)}.

Now, if {(si, ti)} ⊂ E is a sequence so that(si, ti) → (c, c) asi → ∞, then

lim
i→∞

dqC(si, ti) = sec
φ

2
.
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On the other hand, for all pointss so thatC(s) is a point on either line segment, we have

dqC(s, c) = 1, hence

lim
s→c

dqC(s, c) = 1.

We can readily see that the discontinuity along the diagonalof [a, b]×[a, b] is not removable. In fact,

since the distortion is defined as a supremum, it may be the case that for a general curveγ ∈ FTC,

there exists a sequence of points(si, ti) converging to a point(s, s) so thatdqγ(si, ti) → δ(γ),

dqγ(s, t) < δ(γ) everywheredqγ is defined, anddqγ has a non-removable discontinuity at(s, s).

Curves of this type have no distortion realizing chord. An example of such a curve is theDragon’s

tooth curvein Figure 2.4.

Figure 2.4: The distortion of this curve is realized as a limit of distortion quotients of pairs of
symmetric points converging to the corner point. The parameter space[a, b] × [a, b] has no point
(s, t) that realizes the distortion.

This curve,D : [a, b] −→ R
2, is formed by three circle arcs: one of small radiusr and two of

larger radiusR. The large circle arcs are connected to the smaller circle arc so that their tangents

agree at the points of intersection. The large circles meet at a corner with exterior angleφ <

π. The distortion of a circle isπ/2, so if D(s) andD(t) are points on the same circle arc then

dqD(s, t) ≤ π/2. If D(s) lies on one of the large circle arcs and ifD(t) lies on the small circle

arc, thendqD(s, t) → 1 asd(D(s),D(t); R2) → 0. Therefore, the distortion quotient cannot grow

large because the denominator becomes small. On the other hand, the numerator is no larger than

the length of the two arcs. SodqD(s, t) is uniformly bounded above for all points(s, t) for which

D(s) andD(t) lie on circle arcs of different radius.
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Let D(c) denotes the corner point. Let{(si, ti)} be a sequence so thatD(si) is on one large

circle arc,D(ti) is on the other large circle arc andd(D(si),D(c);D) = d(D(ti),D(c);D) for all

i. If (si, ti) → (c, c) then

lim
i→∞

dqD(si, ti) = sec
φ

2
.

Forcingφ to be close toπ in the construction ofD forcesdqD(s, t) < sec φ/2 for all (s, t) in the

domain ofdqD. So, the distortion ofD is evaluated as a limit ofdqD(s, t) as(s, t) converges to a

point on the diagonal that is a non-removable discontinuity.

To deal with examples like this, the definition of a distortion realizing chord will need to be

extended. Just considering pairs of points(s, t) so thatdqγ(s, t) = δ(γ) is not sufficient. After all,

there may be no such pairs. We start with a definition.

Definition 47. For anyγ : [a, b] −→ R
3 in FTC, we define the functionDγ : [a, b] −→ R by

Dγ(s) : = sup
t

dqγ(s, t)

Lemma 48. If γ : [a, b] −→ R
3 is a curve with finite total curvature parametrized by arclength,

then

Dγ(s) = sup
t

d(γ(s), γ(t); γ)

d(γ(s), γ(t); R3)
= max

t

d(γ(s), γ(t); γ)

d(γ(s), γ(t); R3)
.

Proof. One-sided derivatives exist everywhere by Proposition 27 on page 12, hence

lim
t→s+

γ(t) − γ(s)

t − s

exists. We know, by the continuity of the norm function‖ · ‖, that

lim
t→s+

∥

∥

∥

∥

γ(t) − γ(s)

t − s

∥

∥

∥

∥

= lim
t→s+

‖γ(t) − γ(s)‖
|t − s|

exists and equals 1 since the curve is arclength parametrized. So,

lim
t→s+

|t − s|
‖γ(t) − γ(s)‖ = 1.
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But this is exactly the one-sided limit of the distortion quotient function dqγ(s, t) if we

leaves fixed. A similar computation shows that the limit from the left exists as well and is also

equal to 1. Therefore, since the functiondqγ(s, t) with s fixed is a continuous function on the

compact set[a, b], it follows that it achieves its maximum at a point in[a, b].

In the case of the Dragon’s toothD, the functionDD(s) is defined at the corner point, but it

is less than the distortion of the curve. However, we do haveDD(si) → δ(D) assi → s. We will

redefineDγ at such points so that our new function will achieve its supremal value onγ.

Definition 49. If γ : [a, b] −→ R
3 is a curve with finite total curvature parametrized by arclength,

then we define thedistortion shadow, denotedDγ(s), as the upper envelope ofDγ(s). That is

Dγ(s) : = inf
ε>0

sup
|s−x|<ε

(

max
t

d(γ(x), γ(t); γ)

d(γ(x), γ(t); R3)

)

.

We are now in a position to make the definition of a distortion realizing chord precise. The

Dragon’s tooth example shows that we will need to define the distortion quotient along the diagonal

in a way that guarantees that the value ofdqγ(s, s) is defined to be the largest limiting value of all

sequences approaching it.

Definition 50. Letγ : [a, b] −→ R
3 be a finite total curvature curve parametrized by arclength.If

(s, t) is such thats 6= t and

dqγ(s, t) := inf
ε>0

sup
‖(x,y)−(s,t)‖<ε

d(γ(x), γ(y); γ)

d(γ(x), γ(y); R3)
≥ k,

then we say(s, t) (or the chord with endpointsγ(s) and γ(t)) is a k-distortion realizing chord

(k-drc).

Lemma 51. Letγ : [a, b] −→ R
3 be a finite total curvature curve parametrized by arclength.Then

Dγ(s) ≥ k if and only if there exists a valuet so that the chord with endpointsγ(s) andγ(t) is a

k-drc.
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Proof. First assume that there is a valuet so that the point(s, t) defines ak-drc. We know that

there exists a sequence{(si, ti)} so that(si, ti) → (s, t) anddqγ(si, ti) → K ≥ k. Since the

functionDγ(si) computes the maximum over all values oft, it is evident thatDγ(si) ≥ dqγ(si, ti).

Furthermore, Lemma 5 on page 3 shows us thatDγ(si) ≥ Dγ(si). So, our string of inequalities

then becomes

Dγ(s) ≥ lim Dγ(si) ≥ lim Dγ(si) ≥ lim dqγ(si, ti) = K ≥ k.

The reverse implication is immediate from the definitions. Let {si} ⊂ [a, b] be a sequence so

that Dγ(si) → K ≥ k. For eachsi there exists ati so thatD(si) = dqγ(si, ti) by Lemma 48.

Furthermore, since the points(si, ti) are elements of the compact set[a, b]× [a, b] we may assume,

by restricting to a subsequence, that(si, ti) → (s, t) for some(s, t) ∈ [a, b] × [a, b]. It remains to

showdqγ(s, t) ≥ k. Indeed, for anyε > 0

sup
‖(x,y)−(s,t)‖<ε

dq(x, y) ≥ k

since the set on which the supremum is taken contains infinitely many elements of the sequence

{(si, ti)}. Therefore,

dqγ(s, t) = inf
ε>0

sup
‖(x,y)−(s,t)‖<ε

dq(s, t) ≥ k.

So the pair(s, t) defines ak-drc.

By definingk-drc’s in terms of an upper semicontinuous function we have made the proof of

the first step towards the main theorem relatively simple. Indeed, upper semicontinuous functions

achieve their maximum value on compact sets. Therefore, if aclosed arc is void of endpoints of

k-drcs, then the maximum value ofdqγ is bounded away fromk by a positive quantityε. Hence, the

distortion quotient is bounded away fromk by a positive quantity. We make this rigorous below.

Proposition 52. Let γ : [a, b] −→ R
3 be a curve of finite total curvature. If(c, d) ⊂ [a, b] so that

dqγ(s, t) < k for all (s, t) ∈ (c, d)× [a, b] ∪ [a, b]× (c, d) then, for any subinterval[p, q] ⊂ (c, d)

there exists anε > 0 so thatdqγ(s, t) ≤ k − ε for all (s, t) ∈ (p, q) × [a, b] ∪ [a, b] × (p, q)
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Proof. By assumption the interval(c, d) is free from endpoints ofk-drc’s. Then using Lemma 51

on page 44, it follows that for everys ∈ (c, d) the value ofDγ(s) < k. Let [p, q] be any closed

interval subset of(c, d). SinceDγ(s) is upper semicontinuous and bounded,Dγ(s) has a maximum

M on [p, q] by Lemma 5 on page 3. We can letε = k − M .

2.3 DECREASING LENGTH WITHOUT INCREASING DISTORTION

Now that we know that arcs ofγ void of k-drc’s have distortion bounded away fromδ(γ) by some

positive quantityε, it remains to show the length of an arc can be decreased whilechanging the

distortion quotient by an amount smaller thanε. This will complete the second step in the proof of

the main theorem outlined in Section 2.1.

Proposition 53. Letγ : [a, b] −→ R
3 be a finite total curvature curve and supposeγ((c, d)) is any

arc with nonzero total curvature. Then, givenε > 0, we can replaceγ((c, d)) with an arcP ((c, d))

of shorter length so thatdqP (s, t) − dqγ(s, t) < ε for all (s, t) ∈ (c, d) × [a, b] ∪ [a, b] × (c, d).

Proof. Let γ : [a, b] −→ R
3 be a curve parametrized by arclength and suppose thatγ((c, d)) is

an arc ofγ of lengthL = d − c with nonzero total curvature. Letε > 0 be given. This proof has

several cases. We will first assume that we can find a subarcγ((c, d)) whose total curvature is small.

Without loss of generality we assume this is the arcγ((c, d)). We will then modify only a subarc

γ([ĉ, d̂]) of γ((c, d)). To prove that distortion has not greatly increased, we willthen examine the

change in the distortion quotient. Pairs of pointss andt which are relatively close will require a

different argument than pairs wheres andt are relatively far apart. Figure 2.5 may help the reader

to understand the different components of the proof.

Case 1.Assume the arcγ((c, d)) has total curvature0 < K < 2 cos−1(1/(1 + ε/2)); then by

Lemma 46 on page 35, the distortion of the arcγ((c, d)) is no more than1 + ε/2.

Proof. By replacing the intervalγ([c, d]) with an inscribed polygon, we can decrease length and

not increase total curvature. By Lemma 46 on page 35, since the total curvature has not increased,
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A

B

C

C1

C2

C3

c ĉ d̂ d

c

ĉ

d̂

d

Figure 2.5: We break up our proof into several pieces according to a subdivision of the parameter
space. DefineA := [a, c] × [ĉ, d̂], B := [ĉ, d̂] × [d, b], C := [c, d] × [c, d], C1 := [c, ĉ] × [ĉ, d̂],
C2 := [ĉ, d̂] × [d̂, d], andC3 := [ĉ, d̂] × [ĉ, d̂]. We use Lemma 46 on page 35 to control the change
in the distortion quotient inside the regionC. Then, we restrict our attention to the regionsA
andB, which are bounded away from the diagonal of[a, b]× [a, b], and use a more straightforward
calculation to show that the change in the distortion quotient can be controlled on regionsA andB.

the distortion of the arc remains between 1 and1 + ε/2. Hence the change in distortion of the arc

is still smaller thanε. This takes care of all points in regionC in Figure 2.5.

Now let us turn our attention to the subarcγ([ĉ, d̂]) ⊂ γ((c, d)). We define[ĉ, d̂] to be any

interval contained in(c, d) so thatγ([ĉ, d̂]) has positive curvature. By Theorem 36 on page 20 there

exists a Radon measureK so thatK((p, q)) = κ(p,q) for all intervals(p, q) ⊂ (c, d). We will useK

to show that we can find a set[ĉ, d̂] with the desired properties. SinceK is a Radon measure, if we

let H denote the set of all compact subsets of(c, d) then

K((c, d)) = sup
h∈H

K(h)
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Hence there must exist some sequence of compact setshi so thatK(hi) → K((c, d)) asi → ∞ and

there must also be somej so thatK(aj) > 0. Let [ĉ, d̂] ⊂ (c, d) be any closed interval containing

hi. Notice that we can replaceγ[ĉ, d̂] with a polygon without increasing the distortion for pointsin

C1, C2, andC3 in Figure 2.5 since each of these regions is contained withinthe larger regionC.

For givenε′ > 0, let P : [a, b] −→ R
3 be a curve that consists of two types of arcs. The first

is any polygon inscribed inside the arcγ([ĉ, d̂]) such that‖γ(s) − P (s)‖ < ε′ for all s ∈ [ĉ, d̂],

P (ĉ) = γ(ĉ), andP (d̂) = γ(d̂). The second arc satisfies the relationP (s) = γ(s) for all s ∈

[a, b] \ [ĉ, d̂]. Even if the arcγ([ĉ, d̂]) is already a polygon, we can replaceγ([ĉ, d̂]) with P ([ĉ, d̂])

so as to decrease length.

It remains to show that we can maked(γ(x), P (x); R3) small enough on[ĉ, d̂] so that

dqP (s, t) − dqγ(s, t) < ε for all pairs(s, t) ∈ A ∪ B

whereA andB are defined in Figure 2.5.

Notice that ifdqP (s, t) < dqγ(s, t) then there is nothing to show, since we are only concerned

with increasingdistortion. So we will assume thatdqP (s, t) > dqγ(s, t). Suppose that(s, t) ∈ A.

Then,

dqP (s, t) − dqγ(s, t) =
d(P (s), P (t); P )

d(P (s), P (t); R3)
− d(γ(s), γ(t); γ)

d(γ(s), γ(t); R3)

=
d(γ(s), γ(t); R3) d(P (s), P (t); P )− d(P (s), P (t); R3) d(γ(s), γ(t); γ)

d(P (s), P (t); R3) d(γ(s), γ(t); R3)

But (s, t) ∈ A and sinceA is bounded away from the diagonal of[a, b]× [a, b], we know thats

andt must be at leastmin{ĉ−c, d− d̂} apart. Thus, since the curvesγ andP are both embeddings,

we know there is a constantC so that

C ≥ 1

d(P (s), P (t); R3) d(γ(s), γ(t); R3)
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for all (s, t) ∈ A. So,

dqP (s, t) − dqγ(s, t)

C
≤ d(γ(s), γ(t); R3) d(P (s), P (t); P )− d(P (s), P (t); R3) d(γ(s), γ(t); γ)

≤ d(γ(s), γ(t); R3) d(γ(s), γ(t); γ) − d(P (s), P (t); R3) d(γ(s), γ(t); γ)

= d(γ(s), γ(t); γ)
[

d(γ(s), γ(t); R3) − d(P (s), P (t); R3)
]

.

But, d(P (t), γ(s); R3) ≤ d(P (t), P (s); R3) + d(P (s), γ(s); R3) and by rearranging and rewriting

terms−d(P (s), P (t); R3) ≤ d(P (s), γ(s); R3) − d(P (t), γ(s); R3). So,

d(γ(s), γ(t); R3) − d(P (s), P (t); R3)

≤ d(γ(s), P (t); R3) + d(P (t), γ(t); R3) + d(P (s), γ(s); R3) − d(P (t), γ(s); R3)

= d(P (t), γ(t); R3) + d(P (s), γ(s); R3).

Finally, sinces, t ∈ [ĉ, d̂], we can defineP so that

d(P (t), γ(t); R3) + d(P (s), γ(s); R3) < ε/(Cd(γ(s), γ(t); γ)),

completing the proof in this case.

Case 2.Suppose there is no subarc ofγ((c, d)) with total curvature0 < K < 2 cos−1(1/( 1 + ε/2)).

Proof. We will show that this forcesγ((c, d)) to be a polygonal arc. A new technique will be

required in this case.

By the Lebesgue-Radon-Nikodym theorem (Theorem 21 on page 9), we can write the curvature

measureK as a sum of two measuresλa andλs so thatλa ≪ ds andλs ⊥ ds. We then further

decomposeλs as a sum of atomic measures{µxi
} and a non-atomic measureµ which is singular

with respect to arclength. So we have

K((p, q)) = λa((p, q)) +
∑

i

µxi
((p, q)) + µ((p, q)).

Suppose now thatK0 := 2 cos−1(1/( 1 + ε/2)) and(p, q) is an interval so thatK((p, q)) > K0.

Then
∑

i µxi
((p, q)) < ∞ and so there exists a constantM so that

∑

i>M µxi
((p, q)) < K0/2.
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Figure 2.6: Here we see a partition of the interval(c, d) where the points that define the partition
are the firstM atoms in the sequence{xi}.

Without loss of generality, assumex1 < . . . < xM . Then we partition the interval(p, q) with the

points{x1, x2, . . . , xM} as seen in Figure 2.6.

Now, let (u, v) be a subinterval of(p, q) that lies between two adjacent partition points. Since

the measureλa +µ is non-atomic, by Lemma 23 on page 9 there is a valueL so that if|v−u| < L,

thenλa((u, v)) + µ((u, v)) < K0/2. Thus, we may assume that(u, v) has small enough length

so thatλa((u, v)) + µ((u, v)) < K0/2. Since(u, v) does not include any of the partition points

x1, . . . , xM ,
∑

i

µxi
((u, v)) =

∑

i>M

µxi
((u, v)) < K0/2.

ThusK((u, v)) < K0 and it must be the case thatK((u, v)) = 0. Covering each interval between

theM partition points{x1, x2, . . . , xM} by overlapping open intervals with length less than|v−u|

shows us thatK((p, q) − {x1, . . . , xM}) = 0. Therefore, the curve is polygonal on the interval

(p, q) with corners at the atoms{x1, x2, . . . , xM}. Since this is true for any interval(p, q) it must

be the case that the arcγ((c, d) is polygonal.

It remains to describe how to decrease length without changing the distortion quotient any

more thanε. First we will restrict our attention to a neighborhood of one corner small enough to

guarantee that no pair of points in the neighborhood areLen(γ)/2 apart along the curveγ. If the

exterior angle at the corner point isφ, then by the calculation in the proof of Lemma 46 on page 35
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the restriction of the distortion quotient to the edges meeting at the corner achieves a maximum

value ofsec φ
2

as seen in Figure 2.7.

(−x, y) (x, y)

φ

Figure 2.7: If we translate the curve so that the vertex at thecorner of the arc is symmetric about
they-axis, then a calculation shows that the distortion quotient restricted to this pair of segments
is maximized at points of the form(x, y) and(−x, y). Moreover, this maximum is exactly equal to
sec φ

2
whereφ is the exterior angle at the corner. See Lemma 46 on page 35 fora formal proof.

As seen in Figure 2.8, replace the edge with vertices(0, 0) and(x, y) with an edge with ver-

ticesǫ(x, y) and(x, y) (using a small value ofǫ) and replace the edge with vertices(−x, y) and

(0, 0) with the edge with vertices(−x, y) andǫ(x, y). The triangle inequality guarantees that this

alteration will decrease length. Sincesec (φ/2) is an increasing function on the interval(0, π),

decreasing the exterior angle decreases distortion.

(−x, y) (x, y)

φ̂

Figure 2.8: Here we shorten the length of the polygonal arc slightly while decreasing the exterior
angle by a small amount by shortening one segment. This modification decreases the distortion
quotient on this pair of line segments.

This completes the proof.
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2.4 MAIN THEOREM

We now state the main theorem.

Theorem 54 (Main Theorem). Let UC([γ]) be the set of all finite total curvature curvesγ in

[γ], with distortion δ(γ) < C and distortion thicknessτδ([γ]) ≥ 1 (i.e., any point(s, t) with

dqγ(s, t) ≥ δ([γ]) satisfies‖γ(s) − γ(t)‖ ≥ 1). Then any open interval on a curve of minimum

length inUC([γ]) is either a straight line segment or contains an endpoint of aδ([γ])-drc.

Proof. Let γ : [a, b] −→ R
3 be a curve of minimum length inUC([K]) and let(c, d) be any open

interval onγ. If the total curvature along(c, d) is zero, then there is nothing to show. So assume

that the total curvature along(c, d) is positive. Further assume that the interval(c, d) doesnot con-

tain an endpoint of aδ([γ])-drc. We will deduce a contradiction. Since there is no endpoint of a

δ([γ])-drc contained within(c, d), Proposition 52 states that there is a subinterval(p, q) of (c, d)

so that if(s, t) ∈ (p, q) × [a, b], thenδ([γ]) − dqγ(s, t) > ε for someε > 0. Provided the total

curvature along(p, q) is nonzero, Proposition 53 on page 46 enables us to decrease the length

of the interval(p, q) to obtain a new curvêγ with the property thatdqγ̂(s, t) − dqγ(s, t) < ε

for (s, t) ∈ (c, d) × [a, b] ∪ [a, b] × (c, d). Thus no newδ([γ])-drc’s exist with end-

points in (c, d) × [a, b] ∪ [a, b] × (c, d). We claim that we have not increased the dis-

tortion quotient at any pair outside(c, d) × [a, b] ∪ [a, b] × (c, d). Indeed, if(s, t) is any

point outside(c, d) × [a, b] ∪ [a, b] × (c, d), thend(γ̂(s), γ̂(t); γ̂) ≤ d(γ(s), γ(t); γ) while

d(γ̂(s), γ̂(t); R3) = d(γ(s), γ(t); R3). Sinceδ(γ) ≥ δ([γ]), the distortion ofγ is realized on such

a pair and this implies thatδ(γ̂) ≤ δ(γ) < C. Therefore,̂γ ∈ UC([γ]) andLen(γ̂) < Len(γ).

This is the desired contradiction.

2.5 CONCLUSION AND OPEN PROBLEMS

The main theorem provides a good deal of structure for distortion minimizing curves provided they

have a representative of shortest length. Indeed, the frequency of drcs is highly reminiscent of the
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results in [2]. We hope this new information on drcs will aid in constructing better lower bounds

for distortion.

We point out that the main theorem is still somewhat unsatisfactory since there may be no

length-minimizing curves inUC([γ]). Fixing this problem requires proving at least two conjectures:

Conjecture 55. For any curveγ there exists a chord with distinct endpointsγ(s) andγ(t) so that

dqγ(s, t) ≥ δ([γ]). Hence we can rescale any knot in[γ] to haveδ([γ])-distortion thickness 1.

This conjecture means that the setUC([γ]) is nonempty for allC > δ([γ]). In this case we

further conjecture:

Conjecture 56. The setUC([γ]) contains a minimizer for length for any knot type[γ] and any

C > δ([γ]).

These conjectures would complete our proposed contribution to the study of Gromov’s ques-

tion. Suppose that{γi} is a family of length-minimizing knots inU2δ([γi])([γi]) and suppose that

studying the geometry of the knots{γi} led to finding a divergent sequence of lower bounds on

δ(γi) ≤ 2δ([γi]). Then by dividing these lower bounds by 2 we obtain a sequenceof lower bounds

on δ([γi]) which is also divergent. Provided these lower bounds becomearbitrarily large, we will

have answered Gromov’s question.
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