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CHAPTER 1

REQUIRED BACKGROUND

1.1 THE CLASS OFCURVES OFINTEREST

This section contains a brief review of general backgroumtienial and important lemmata and
propositions required in the main body of the paper. The mamze of this material may only
become clear when read in the context of the later chaptérs.séction also includes motivation

and examples that help build intuition on the subject of tlaémnesult.

1.1.1 SEMICONTINUITY AND ENVELOPES

It is a well known fact that a continuous function defined onoapact set achieves both its
maximum and minimum. Semicontinuity, a condition weakeamntltontinuity, forces a function

to achieve either its maximum or its minimum on a compact dopmut not necessarily both.

Definition 1. An extended real-valued functignis calledlower semicontinuoust the pointy if

f(y) # —oo and

fly) <sup inf  f(z).

e>0 0<|z—y|<e

The functionf is upper semicontinuoust the pointy if f(y) # oo and

f(y) >inf sup f(z).

e>0 0<|z—y|<e
A functionf is upper (lower) semicontinuous on a séprovided it is upper (lower) semicontin-

uous at all pointg; € A.



An equivalent definition for upper semicontinuity, whicloiten more useful, is the following:

Definition 2. The functionf: A — R whereA C R is upper semicontinuousit z, if and only if

for eacha > 0 there exists & > 0, so thatf(z) < f(zo) + o whenever, € A and|z — z¢| < 5.

The upper (or lower) envelope of a function is a closely ezldtinction that is upper (or lower)

semicontinuous.

Definition 3. ([[L&]) Let f be a real-valued function defined ¢n b]. We define thiower envelope
f of f to be the functiorf defined by

f(z) =sup inf f(y), forall z € [a,b]

- e>0 |z—y|<e

and theupper envelopef by

f(z) =inf sup f(y)forall z € [a,b].
e>0 lz—y|<e

Lemma 4. Let f be an upper (lower) semicontinuous functionf it bounded above (below) then

f achieves its maximum (minimum) on any compact set.

Proof. Let K be any compact set and I8t = sup,.x f(x). There exists a sequen¢e,} C K
so thatf(z;) — B asi — oo. SinceK is compact, the sequenge;} contains an accumulation
pointz and so there exists a subsequefice} C {x;} so thatr;, — x asj — oo. Since{z;, } is
an infinite subsequence 6f;} we knowf(xz;,) — B asj — oo. Now consider the value of(x).

Sincef is upper semicontinuous

f(xr) >inf sup f(y).
€>00<|m—y|<€

But in anye neighborhood ofr there is a sequence of values pftconverging toB. Thus, for
anye > 0, supg|,_y<c f(y) = B. Thus,inf..qsupg.,_, <. f(y) = B and we have shown
f(x) > B. SinceB = sup,.x f(z), this completes the proof. The proof of the fact that a lower

semicontinuous function achieves its minimum on any corngetds similar. O
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Figure 1.1: The left image is the graph of a function that fsn#el everywhere, but fails to reach a
maximum or minimum. The lower envelope, shown in the cemtexge, is lower semicontinuous

and reaches its minimum, and the upper envelope, shown eigttigis upper semicontinuous and
reaches its maximum.

We now state and prove the expected relationship betweeariagas and semicontinuity.

Lemma 5. Suppose thaf is any real valued function defined on a closed intefuab], f is the

upper envelope of, and f is the lower envelope of.
(1) If fis bounded, therf is upper semicontinuous anfdis lower semicontinuous.

(2) If f is bounded, therf achieves its maximum at a point in [a,b] arficachieves its minimum

at a pointinja, b].
(3) Foreachs € [a,0] f(z) < f(z) < f(x).

Proof. The proof of (1) is immediate from the definitions and the pafq2) follows from (1) and
Lemmad% on the preceding page.
To see (3), for fixed: € [a, b], let{e;} be an infinite sequence of real numbers with the property

thate; — 0 asi — oo and

lim inf f(y) =sup inf f(y).

1—00 |z—y|<e; e>0 lz—yl<e

Then for each value af; in the sequence

inf f(y) < f(z).

‘:B—y‘<€7;



Itfollowsthat f(x) < f(x) forall values ofr € [a, b]. A similar argument showfg(z) < f(z).

O

1.1.2 ReECTIFIABLE CURVES AND FUNCTIONS OFBOUNDED VARIATION
We begin with some definitions and notation related to redtié curves.

Definition 6. A partition of [a, b] is any finite sequence of pointe = x¢, 1, ..., z, = b} so that

x; < xj whenevel < j.

Definition 7. Lety: [a,b] — X be a curve in the metric space. To each partition” = {a =
xo, 21, ..., T, = b} thereis an associated polygpmwvith vertex se{~(zo), v(z1), . ..,v(z,)}. The

set of all such polygons will be denot&dl(~) and the number of elements ihwill be denoted

p|.

Definition 8. Let X be a metric space with metri¢(-, -; X'), and let: [a,b] — X be a curve

in X. We define

Ip|-1

Lenx(p): = Z d(y(zi-1),7(2:); X),

=1
and sayy is X -rectifiable provided,

Lenyx(v): = sup Lenx(p) < occ.
p€EPol(y)
If X =R"™we will write
Ip|—1
Len(p): = Leng«(p) = Y _ d(v(ziz1), ¥(x:); R"),
=1
and sayy is rectifiable provided,
Len(y): = sup Len(p) < oc.
pePol(v)
All of the curves that are used throughout this documentheliectifiable. Since we will often

use the length of the curves in our arguments, some notatiapgdropriate.
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Definition 9. Let X be a metric space and let: [a,b] — X be anyX-rectifiable curve inX. If
[s,t] C [a, b] then thearclengthbetweeny(s) and~(t) is Lenx (v([s, t])), the length ofy restricted

to the sets, ¢], and this arclength will be denotetis, ¢; ). If v is a closed curve then,

d(s,t;y) := min {Lenx (v([s,t])), Lenx () — Lenx (v([s,]))}.

We will frequently make use of the fact that the length of aygoh approximation can only
increase if more vertices are added. Since this stateméntequires the triangle inequality, it

may be stated in the general form as follows.

Lemma 10. Let X be a metric space and let: [a,b] — X be anyX -rectifiable curve. Le{p;}
and{¢;} be two sequences of polygons inscribed iso thatLeny (p;) — Lenx(y) and so that
the vertex set gf; is a subset of the vertex setgffor eachi. ThenLenx (¢;) > Lenx(p;) for all i

and soLeny (¢q;) — Lenx(v) asi — oc.

Proof. Letz; = {xy,, iy, ..., 2 } andy; = {vi,. vir, - - -, ¥i, } denote the vertex sets pf andg;

respectively. Since; C y; it follows from the triangle inequality that

[asry

n—

k—1
LenX pz = Z d xlj ) xl]+17 S d<yij7 Yijias X) = Leny (qz)
7=0

.
Il
o

Finally, sincelLenx (p;) < Lenx(g;) for all i and since
lim Leny(p;) = Lenx(y) = sup Lenx(r),
oo rePol(7)

it follows thatLeny (¢;) — Lenx (7). O

Our first application of Lemmlal0 is found in the proof of thédaing LemmadIl concerning

the change in length of a curve that has been radially scaled.

Lemma 11. Let~: [a,b] — R", be a rectifiable curve and let' be any positive constant. Let

C#: [a,b] — R™ be the curve defined by

(Cy)(s) = Cy(s).

ThenLen(Cy) = C Len(y).



Proof. Let .4 denote the arc of'y from Cy(s) to Cv(t), and leta be the corresponding arc of
from ~(s) to v(t). The length ofA is given by the supremal length of all polygonal arcs insedib
in A with endpoints at’y(s) andCy(t). Let p be any polygonal arc inscribed i with vertices
(C)(20) = (C7)(s), (CY)(@1), .., (CF)(@n-1), (C7)(2n) = (C7)(t). Then, the length of is

exactly

n

D ICN () = (C ()l = Y 10 (@) — Cy(wima)|

i=1 =1
=Y Clly(x:) = (@i)l-

Thus there is a one-to-one correspondence t;etlween the @alygbns inscribed iv and the
set of polygons inscribed i given byp < Cp. Let{p;} be any sequence of polygons inscribed
in a« whose lengths converge to the lengthnofThen the sequencegp; is a sequence approaching
the supremal length of curves inscribed.n SinceLen(Cp;) = C Len(p;) for all i, we have

C'Len(v) = Len(Cy) as desired.
U

The variation of a function is similar to the length of a curald functions of bounded variation
are closely related to rectifiable curves. We could work awity the set of rectifiable curves, but
there are measure theoretic properties of this class madueatist expressed in the language of

functions.

Definition 12. Let f: [a,b] — R be a function. LetP denote the set of all partitions &, b|.

Then thevariation of f is given by
Ip|—1
sup Z |f(pi) = f(pi-1)]
PEP
where|p| denotes the number of elements in the partition
We sayf is afunction of bounded variationwhenever the variation gf is bounded. Moreover,
we say that a curve: [a,b] — R" is of bounded variation provided each of its coordinate

functions is of bounded variation.



The difference between a rectifiable curve and a curve of éedirvariation is really only
a matter of perspective. It is a theorem [In][20] (d.I][21]attlany continuous parametric curve
v: la,b] — R3, parametrized by/(s) = (x(s),y(s), z(s)), is rectifiable if and only if the three
coordinate functions(s), y(s), andz(s) are of bounded variation.

Any rectifiable curvey: [a,b] — R? can be parametrized by arclength. To parametyimsing
the arclength parameter means that given any two pointg, s; € [a,b], Len(y([so, s1])) =

|s1 — so|- We will be assuming, unless otherwise specified, that aunfcurves are rectifiable.

1.1.3 MEASURE THEORY

This section provides measure theoretic lemmata requated in the proof of the main theorem.

We begin with the definition of a class of measures.

Definition 13. ([[7]) A Radon measure: is a Borel measure otX C R™ that satisfies the fol-

lowing properties:

(1) For all compact setd( C X, u(K) < oc.
(2) Forall Borel setsk C X, u(F) =inf{u(U) : E C U andU is oper}.

(3) Forallopensetd/ C X, u(U) =sup{u(K): K C U andK is compac}.

Radon measures are of interest due to their relationshiprctibns of bounded variation. It
is noted in [IB] that the distributional derivative of a ftieo of bounded variation is a Radon
measure. We will use a Radon measure to describe the cuevataurves whose tangent curve is
notC*.

We now construct the Lebesgue measure, followling [17].

Definition 14. Let f: R — R. The functiory isright (left) continuousat a pointa € R provided
lim, .+ f(z) = f(a) (lim,_- f(z) = f(a)). We sayf is right (left) continuous provided it is

right (left) continuous for alk € R.



Theorem 15. ([I7]) If F: R — R is any increasing right continuous function, then there is a

unique Borel measurgr onR such thatug((a, b)) = F(b) — F(a) for all a, b.

Definition 16. To say a measurg is completemeans that ifu(B) = 0, thenu(A) = 0 for all

A C B.

Folland notes that Theoreml15 actually provides a megsurealled the Lebesgue-Stieltjes
measure associated g which is a complete measure whose domain includes all dthel sets
of R. Further if we defineM,,,. to be the domain ofi» then we also have the following useful

theorem which asserts that the meaguras a Radon measure.
Theorem 17. ([IA) If £ C M,,,., then
pr(E) =inf{ur(U) : E C UandU is oper}
= sup{ur(K): K C EandK is compac}.
Given ac-finite measurg: and a complex measupe there is a decomposition ofas a sum
of two different measures. One of these measures vanishesewlvanishes while the other is

nonzero on sets with measure zero, a process not unlike breaking uto orthogonal compo-

nents. Before stating the theorem, let us describe all gra@hts involved.

Definition 18. ([L3]) The measure’ is absolutely continuouswith respect tqu, writtenv < p,

providedu(A) = 0 impliesy(A) = 0 for all A € R™.

Definition 19. ([L3]) The measures and x are mutually singular, writtenv L p, if there exists

a Borel subseB3 C R" such thatu(R" \ B) = v(B) = 0.

Definition 20. ([L8]) Let M be ac-algebra in a setX. Call a countable collectiod E;} of
members of\ a set theoretic partition of if E; N E; = () whenever # j, and ifE = |J E;. A

complex measureg, on M is then a complex function aff such that
u(B) = > u(E:) (E € M)
=1

for every partition{ £;} of E.



We are now prepared to state the decomposition theorem.

Theorem 21. ([I8])) (Lebesgue-Radon-Nikodymlet ;. be a positives-finite measure on a-

algebraM in a setX, and let\ be a complex measure ovt.
(1) There is then a unique pair of complex measwgand A\, on M such that

A=A+ A, A Ky As L

If X is positive and finite, then so akg and ..

(2) There is a uniqué € L'(p) such that

for every sett € M.

For an arbitrary Borel measuredefined onR™ there need not be any correlation between the
diameter of a set and its measure. But if the measure of eugglegpoint is zero, then it can be

shown that sets of small diameter have small measure. Wemilineed this lemma iiR!.

Definition 22. Anatomic measurés a Borel measure,, on X sothatifA C X isany measurable
set, them, (A) = a,({z}) > 0if 2 € Aanda,(A) = 0if x ¢ A. We say that the point is an

atomof a measureg: if and only if u({z}) > 0.

Lemma 23. Suppose that is a Radon measure defined Brso thatu({p}) = 0 for eachp € R.
Then given any finite intervdk, b), we can find a valud. € R so that the measure of every

subinterval(c, d) of (a, b) with length less that satisfies the inequality((c,d)) < 2u((a,b))/3.

Proof. We will proceed by the method of contradiction. We assumeftrall L > 0 there exists
an interval(c,d) C (a,b) with d — ¢ < L so thatu((c,d)) > 2u((a,b))/3. For each positive

integern, let L(n) = (b — a)/2", and lets,, be an open interval with length less thafn) so that

9



sn C (a,b) andpu(s,) > 2u((a,b))/3. Notice that if we define5,, to be the closure of,,, then
w(Sy) = p(s,) sincep contains no atoms. Lé&t,, = {C,,, } be the closed cover ¢, b] consisting
of the set<”,, = [a+ (i — 1)L(n),a + iL(n)] fori = 1,2,...,2" SoC; consists of two sets of
equal lengthCy, = [a, (a + b)/2] andC,, = [(a + b)/2,b].

Claim 24. There must be some integeso thatS; C [a, (a + b)/2] or S; C [(a + b)/2,b].

Proof. If there is no such integer, then it follows th&N[a, (a+b) /2] # 0 andS;N[(a+b)/2,b] # 0

for all i. Therefore(a+0b)/2 € S, for all .. Since the length of th&;’s is approaching zero it follows

But then sinceu is a Radon measure property (2) of Definitlon 13 on ddge 7 shwwwg{(a +

that

b)/2}) > 2u((a, b))/3, which contradicts the assumption that there are no atoms fo O

Therefore, by Clairi24 there exists soseso that eithelS; c €}, or S; C C,. Hence, either
w(Ch,) > 2u((a,b))/3 oru(C,) > 2u((a,b))/3. Define that set to bé). The next open covers,
coversl with exactly two sets. Using the claim again and the factifiét, b)\71) < u((a,b))/3,
we know that exactly one member ©f hasp-measure greater th&p((a, b))/3. Call it 7,. Con-

tinue inductively to generate a sequence of closed intefi@l} with the following properties:

(1) w(Ty) > 2p((a,b))/3 for all n,
(2) the length off’, is exactly(b — a)/2" for all n, and

(3) T,s1 C T, foralln > 1, hencen> | T,, # 0.

Since the intersection of tHE’s is nonempty and since the length of thgs is approaching
zero, it follows that the intersection of thg’s is a single point and that the-measure of this
point is larger thar2u((a,b))/3 > 0 as in Clain{28. This again contradicts the assumptionthat

contains no atoms. O
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1.1.4 Q@RVES OFFINITE TOTAL CURVATURE

Let v: [a,b] — R?® be an embedded rectifiable closed curve parametrized bgnattl. Let
S0, 51, - - -, Sn, D€ @ collection of values so thate€ [a, 0], s; < s;41 foralli =0,1,...,n — 1. For
the sake of notation, the subscripts will be taken modulp 1. Let F; denote the line segment
from~(s;) to~y(s;11) fori =0, 1,...,n. Define the angley; between edgeB; andE;_; to be the

angle between the vectot$s;1) — v(s;) andy(s;) — v(s;—1) satisfyinga; € [0, 7].

Y(siv2)

—_— —

Figure 1.2: lllustration of elements involved in Milnor’efihition of curvature.

Definition 25. Thetotal curvature of the inscribed polygop given by thes;'s and E;’s as defined
by Milnor isx(p) = >, . Thetotal curvature of~, in the sense of Milnor is given by
k(la,b]) = sup (k(p)).
p€EPol(7)
It is shown in [B] that ify is a C? curve, then Milnor's definition of total curvature agrees

with the standard definitior(y) = [~ |y"(s)| ds. For this reason, it is appropriate to denote

— Jo
Milnor’s curvature byk.
We can define the total curvature of any suliarcs; ) of v similarly. We will see that extending
this measure on intervals to the unique compatible Borelsoreagives the Milnor curvature

measurelC on [a, b], which is defined so that for any open interal, s;) C [a,b] we have

K((s0,81)) = K((s0, 51))-

11



Definition 26. We say thaty: [a,b] — R3 is a curve offinite total curvature provided~y is

rectifiable, andk([a, b]) < co. The set of all such curves is denot€dlC.

Another way to interpret the values of theg's in Milnor’s definition of curvature is to realize
that they are the lengths of great circle arcs joining siugigegangent vectors on the unit sphere.
This gives us another formulation of the total curvaturemiake it precise, we need to establish a

few facts.

Lemma 27.1f v: [a, b] — R? is a curve with finite total curvature, thenhas one-sided tangents

everywhere.

Proof. Recall that the one sided tangent of a cuneg the points is given by

/

IO RS0
(R s

If we let s € [a,b] and let{s;} be any infinite sequence so that- s; — 0™ monotonically as

i — oo, then a one-sided tangent vector at the poi is given by

/

O — Ly ) =)
V_(s) = Z'l_>oo [v(s) = v(s3) |l

whenever this limit exists. To see thathas one-sided tangents everywhere, we proceed by con-
tradiction. Without loss of generality, assume th&t) = 0 and that the one-sided tangentyat)
does not exist. Then, Idts; } be some sequence with— s; — 0*so that the limit

lim M

i—oo [|y(si) |
does not exist. Lef5(s;) } denote the sequende(s;)/||v(s:)||}- Now {5 (s;) } is an infinite collec-
tion of points onS?, and since5? is compact, it follows that there must be at least one accatioul
point. Leta; be such an accumulation point. If every open neighbortio@d a; has the property
that all but finitely many elements §f(s;) } are contained i¥/, thenlim; ., ¥(s;) = a1, which is

a contradiction. So, there must exist an open neighborbpad a, that is disjoint from an infinite

12



subsequencéy(s;,)} of {3(s;)}. Again, by compactness o, the sequencéy(s;,)} must con-
tain at least one accumulation point In addition, there must exist an open neighborhGedf a,
that contains infinitely many elements {f(s;;) }. By restricting to smaller open neighborhoods,
we may assume that there exists a constant 0 so thatl/; andU, are open balls centered at
anda, respectively and

inf  d(z,y; 5% > C. (1.1)

xzeUy,yels

By restricting to a subsequence, we may assume{thatis a sequence so that

(1) ~(si) # v(s;) forall i # j,
(2) s — s; — 07 monotonically ag — oo as before,
(3) A(saky1) € U for all k, and

(4) A(sax) € U, for all k.

We will now construct a polygon inscribed tnwith arbitrarily high curvature, contradicting
the assumption that € F'TC.
Let v; = 7(s1). We will now show that there exists some valugo that the direction of the

edge with vertices,; andwvy, = (s;) lies within U;. The following lemma must first be proven.

Lemma 28. Letw € R3 — {0} and let{w;} C R?® — {0} be a sequence so thjaty — w;|| — 0 as

, then

i — oo. If w = w/||w| andw; = w;/||w;
| — ;]| — 0asi — oo.

Proof. First, define||w|| = A and||w;|| = A;, and lets > 0. Becausé|w — w;|| — 0, there exists

an integerN so that A — A;| < cA/2 and||w — w;|| < €A/2wheni > N. Then,

|wA; — w Al

i = aif| = H AA, T AA,

13



Now observe that
|wA; —w Al = || Ai(w — w;) + wi(A; — A

< (Aiflw = wil] + [lwill] A = Al)

= (Aillw — w;|| + Ai[A; — AJ)

Using the assumptions thet — A;| < cA/2 and|jw — w;|| < €A/2, we see

= 5AAZ
Thus
| — ]| < e.

O

Since the points/(s;) — 0 asi — oo, givene > 0, there exists a positive integéf so that
|l7(s:)]| < e whenever > N. Hence, by making small enough, it follows from LemniaP8 that
the direction of a segment with end points= ~(s;) andvy = y(son) lies inU;.

In a similar fashion, since we know(s}N) € U, and sinceg|v(s;)|| — 0 asi — oo, we can
find a valuek large enough so that direction of the edge with endpainenduvs = 7(sox11) lies
within U,. By equation[(T11), the total curvature of these first twoesxig at least’. Continuing in
this fashion we can construct a polygon inscribed in the &rcfoom ~(s;) to (s) with vertices
v1, Vg, - . ., U, Whose total curvature is at legst — 1)C'.

Letting n — oo we have demonstrated a sequence of inscribed polygons vdoogature
grows arbitrarily large. Therefore ¢ FTC, and we have reached the desired contradiction. A
similar argument shows that the right sided tangent alsst®xVe conclude that has both one-

sided tangents af(s). O
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Figure 1.3: Here we see points dn d,, d; € S? that are the directions of the first three edges of
our construction. The spherical distance betwEemand U, is at least”, hence the length of the
great circle arc connecting, to d, is at leastC, as is the length of the arc connectidgto ds.
Therefore, the total curvature of the polygon constructethsis at leas2C'.

AlthoughFTC curves are not differentiable everywhere, Lenimla 27 allesw® wefine a func-

tion similar to the tangent indicatrix of a differentiablerce.

Definition 29. Lety: [a,b] — R3 € FTC be parametrized by arclength. We definethe-sided

tangent indicatrix T : [a,b] — S? by

N &) — lim ’}/(Si) _7(5)
T (s) sil—>8i 1v(s:) —v(s)||

We will now show that the length of either one-sided tangadtdatrix is equal to Milnor’s
total curvature for curves i'TC. We will need one last technical lemma to do this since the
length of a space curve is measured by the supremal lengihsartbed polygons and Milnor’s
total curvature is measured by the supremal length of cunagte up of unions of great circle arcs.
We begin with a definition and will proceed to prove a genetatesnent from which the desired

result will follow.

15



Definition 30. Let Y and Z be metric spaces with" C Z. We say the metricg(-,-;Y") and

d(-,-; Z) are globally compatiblewith constantC' provided for ally,,y> € Y

C = dy1,y2 2)

Lemma 31. LetY and Z be metric spaces with C Z so that their metrics are globally compat-
ible with constantC. If v: [a,b] — Y is a curve that is eithe¥ -rectifiable orZ-rectifiable, then

it is bothY -rectifiable andZ-rectifiable and
1
- Lengz(vy) < Leny (y) < CLeng(vy).

Proof. LetY C Z be globally compatible metric spaces. Let[a,b] — Y be aZ-rectifiable
curve inY. Since~ is Z-rectifiable we know thaflenz(y) = = sup,ep,) Lenz(p) and
Leny(y) = sup,epq(y) Leny(p). SinceY and Z are globally compatible metric spaces with

constant' we have for each polygonwith verticeszg, x4, . . ., z,

n 1 n n
—d(wic1, 25 72) < )y d(wic,25Y) <Y Cd(wi-1, 24 7).
;C (zi1 ) ; (zi1 ) ; (zi1 )
Hence,

éLenZ(p) < Leny(p) < C'Lenz(p).
Since the above equation holds forak Pol(v) it follows that
%Lenz(v) < Leny(7) < CLeng(v)
0

Corollary 32. Let v: [a,b] — R? be any curve of finite total curvature(y). Then, if
Tt : [a,b) — S*andT;: (a,b] — S* denote the one-sided tangent indicatricesyof

then there exists a constafitso that

2
- Len(T) < k(y) < gLen(T;)

and

2
- Len(T;) < k(y) < gLen(Tj).
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Proof. The total curvatures() of  is the S*-length of T_* while Len(T7") is theR?-length. By
Lemmal3l, the inequalities in the statement of the corokaeysatisfied provided? andR? are
globally compatible metric spaces. Thus it suffices to shHwat given any two points,, z, € S?,
there exists a constant so thatd(z, zo;R3)/C < d(x1,29;5%) < Cd(x1, 22;R?). To see this,
let 21,z € S?, and consider the plane that contains the great circle dveele® them. Rotate the

plane so that the straight line segment, is vertical as shown in Figufe.4.

N

7

Figure 1.4: Here we observe thdtr,, r,; 5?) = 20 andd(z, zo; R?) = 2sinf, wheref €
0,7/2].

So,
d(l’l,l’g; 52) . 0
d(x1,29;R3)  sinf’

whered € [0, 7/2] and thus

0
sin 6

d(l’l,l’g;sz) = d(l’l,l'g;Rg).

Sinced € [0, 7/2] we know thatl > 6/sin 6 < /2. Therefore

2
Zd(ry, w9, R?) < d(x1, 795 5%) < =d(21, 72; R?)
T

s
2
and this completes the proof. O
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A property of curves in FTC needed in the next chapter is tmatcurvature of such a curve
is a Radon measure. Recall that the structure theorem fatifuns of bounded variation i 13]

asserts that the derivative of a function of bounded vamais a Radon measure.

Proposition 33. Let~: [a,b] — R3. Theny € FTC if and only if both of the one-sided tangent

indicatrices ofy are functions of bounded variation.

Proof. First suppose that € FTC and thaty is parametrized by arclength. Then we are to show
that the one-sided tangent indicatricgs: (a,b] — S* andT’f: [a,b) — S* are of bounded
variation. By [20] a curve’s component functions are of baeoh variation (and thus the curve is
of bounded variation) if and only if the curve is rectifiabtéence, it suffices to show thdt"™ and
T areR3-rectifiable, but this is immediate from Corolldryl 32.

Now, if 77" are of bounded variation, then their coordinate functioesod bounded variation

and hence they ai3-rectifiable. The result follows from Lemnial31. O

We are now prepared to construct the curvature measure. iivie diee following function to

be used in conjunction with Theordml 15 on pBbe 8.

Definition 34. Lety: [a,b] — R3 be a curve of finite total curvature parametrized by arcléngt

If v(a) = ~v(b), we define the functiofix: R — R by

0 r<a
Fy(x) := Leng: (T ((a, z])) + d(Tf (x), T; (x); S*) = € (a, ]
Leng: (T ([a,b])) 4+ d(TF(b), T (b); S?) x> b

If v is an open curve, then

0 r<a
Fi(x) == Leng: (T ((a,z])) + d(T; (x), T (x); S*) x € (a,b)
Leng: (T ([a,b))) x >b.

Lemma 35. The functionFi is both increasing and right continuous.
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Proof. Certainly Fx is increasing since it measures tbélength of arcs off . Lety € Rand
let {y,} be any sequence so thgt — y*. If y < a, then there exists a constahf so that
Fi(yn) = 0 = Fi(y) for all n > M. A similar argument shows th&i is right continuous for all
y > b. Now assume thaj € (a,b) and again lefy,, } be any sequence so that — y*. All but
finitely many terms in the sequeng¢eg, } must lie within the intervala, b), therefore assume all

elements of the sequen¢g, } lie within (a, b). Then, for eachu

Fi(yn) = Leng2(T ((a,yn])) + d(T5 (yn), T (yn); S°).

and we are to show
|Leng: (75 ((a, ya)) + (T3 (yn), T3 (yn); ) — Lensa (T ((a,y])) — d(T (y), T3 (); )| — 0.
First note that i/~ is continuous ay then

Leng2 (T2 ((a, yn])) = Leng=(T7 ((a, y])) + Leng (T3 ((y, yn)))-

If T~ is not continuous &y, then there is a jump of*-distanced(T>f (y), T (y); S*) between the

pointsT (y) andTf(y) and so

Leng:(T; ((a,yn])) = Leng:(T; ((a,y])) + Leng=(T5 ((y, yn))) + d(T5 (y), Ty (y); S%).

The above equation holds even whgnis continuous since, in that cas7™f (y), 7. (y); S*) = 0

Therefore

|Lenga(T; ((a, ya]) + d(T (yn), Ty (yn); S*) = Lengz (T ((a,y]) — d(T; (y), T; (y); S?)]
= Leng2 (T ((y, ynl)) + d(T5 (yn), T (Yn); 5?).

Sincey € FTC the contribution to the total curvature at corners must kgefimherefore,



and so

AT (yn). T (yn); S%) — 0.

Recall that since; € FTC, Propositior 33 asserts th@t™ is of bounded variation, hence it is

rectifiable. Thereforel.eng: (7 ((y, y.])) — 0 sincely — y,| — 0. O

Theorem 36. Let~: [a,b)] — R? be a curve of finite total curvature parametrized by arcléngt

Then there is a unique Radon measkiren R such that
Kr((c,d]) = Fi(d) — Fi(c)
for all ¢, d.

Proof. This follows immediately from the definition dfi., Lemmal3b on pagell8, Theorém 15
on pagéB, and Theordml]17 on péaye 8. O

Itis interesting to note that the meas¥ges not absolutely continuous with respect to arclength.
Indeed,K contains an atom whenever the left and right tangent veciorsare not equal. This
occurs at corner or cusp points alomgFurther, the measur€((a, b)) of any interval(a, b) is

equal to the total curvature of that interval in the sense fidd ~((a, b)).

1.2 DISTORTION

We begin with a definition from Gromov’s 1981 paper “FillingeRannian Maniflods.”

Definition 37. Let VV and W be metric spaces with metricg-, -; V) andd(-,-; W) respectively

and letf: V — W be a map. Then, thdilation of f is a Lipschitz constant fof given by

oo d(f(v1), f(va2); W)
DI f B vfilgv d(vla V23 V) .

In the event thaf is a homeomorphism af onto a submanifold?” of R™ wherelV is equipped

with the Euclidean metric (i.ed(-, ;W) = d(-, -; R™)) we can define thdistortion of f to be the
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product

[Dil f] [Dil f_l] = | sup

sup
v1,v2€V d</U17 V2; v)

d(f (v1), f(v2); R")} { d(f ! (wi), [ (w2); V)
w1 wrEW d(wy, wy; R™)

Gromov notices that all closed curvesRfi have distortion at least/2, with equality only for
the round circle (see Propositibn 45 on phge 33). He alsoaaglestion which is still open: “Does
everyisotopy class of knots i have a representativié in R? with distortion< 1007? Is it so for
all torus knots’, , for p, ¢ — c0?”

It seems likely that the answer to Gromov’s first questiomis.” In order for a curve to have
high distortion, there must exist points on the curve that@dose together in space and yet far
apart along the knot. If an entire knot type is to have highodi®n, it must be the case thahy
embedding of the knot contains a pair of such points. A catditbr a knot type of high distortion
is the (n,n — 1)-torus knot for some large value of Indeed, as the value of increases the
distortions of the curves given by the parametrizationsiguie[L.h approach infinity.

Since we are only concerned with the distortion of knots, vilestart by defining distortion
in a more specific form. We assume the manifglds the circleS!, and that the embedding takes

place inR3. The homeomorphism, then, is of the form S — W, wherelV C R? is equipped

with the Euclidean metric, and in this case the distortiamlza simplified somewhat.

Lemma 38. Let v: [a,b] — R? be a simple closed curve parametrized by arclength. Then

Dil v = 1 and so the distortion of is Dil v~!.
Proof. Since~ is rectifiable,

Len(y) = sup Len(p) < oo.
pEPol(v)

Lete > 0, and suppose thap; } is a sequence of polygons inscribedyino thatim; .., Len(p;) =
Len(v). Eachp; has a sequence of verticés(z;,)} wherej = 1,...,n,. In addition, since the
polygons are inscribed, to each edgewith endpointsy(xz;,) and~(z;, ., ), there is an associated
arca;; := v([z;, z;;,,]) of 7, whose endpoints are equal to the endpoints; ofSincelim; . p;
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Figure 1.5: Here we see &n, n — 1)-torus knot (where: = 14), which has been parametrized by
(34 cos(2m(n — 1)t) cos(2mnt), 3+ cos(2m(n — 1)t) sin(27nt), sin(27(n — 1)t)) wheret € [0, 1].

is converging to the length of, we know that there is a positive integatr so thatLen(p;) >

(1 —¢) Len(vy) for all « > N. This condition can be rewritten as

T

> 2110 B > (1 = )l (o) (w5.)i0)

=1

forall i > N. This implies that there is at least one edgeof p; so that

d(7($ik)’ V(xik-u); Rg) Z (1 - 5)d(’7($ik), V(xik+1); 7) = E)d(V(xik)’ ’y(x’ik-ﬁ—l); Sl)

Hence

d(’y(l‘zk )a V(I’ikﬂ ); Rs)

Dil v >
d(xikv Lipiqs Sl)

>1—-c.
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Lettinge — 0, we have shown that Oi) > 1. We now observe that Oi/) < 1. Sincey is
parametrized by arclength, we know that the val(rg(x), v(y), R?) is at mostz — y| and hence

Dil(vy) < 1. O
Given Lemmd38, the definition of distortion can be writtedal®ws for rectifiable curves:

Definition 39. Let: [a,b] — R? be a rectifiable simple closed curve. Tdiistortion quotientof

~ at the point(s, ¢) is given by

o d(y(s), (1))
A CTORIOR)

Thedistortion of the curvey, denoted(), is then
6(v): = sup da (s, ).
Finally, if we let[y] denote the knot type of, then we can define the distortion of the entire
knot type to be
6([7]): = inf (7).

€]
Notice that the distortion of a straight line is 1. If we reg@athe Euclidean 3-space in the
definition of distortion with another Riemannian manifolden geodesics will have distortion 1

(at least locally).

1.2.1 S ALE INVARIANCE

Gromov’s questions about distortion remain unanswereldeatitne of this writing because mini-
mizing distortion among the set of curves in a knot type isry wecky endeavor. In fact, it is not

currently known that a distortion minimizer exists for anyok type other than the unknot. One
technical obstacle to proving the existence of distortiamimizers is the fact that the distortion is

scale invariant.

23



Proposition 40. Let~: [a, b] — R? be a rectifiable curve, and I&t be any positive constant. Let

Cv: [a,b] — R3 be the curve defined by

(Cy)(s) = Cy(s).
Thendg, (s, t) = dqc- (s, t) for all points(s,t) € [a,b] x [a,b] with s # t.

Proof. Since||C's—Ct|| = C||s—t|| for all positiveC, it follows that the denominator iy, (s, t)
is equal to the”' times the denominator afy, (s, t) for all points(s, t) € [a, b] x [a, b] with s # t.
By Lemmé& Il on padd 9|z, y, Cy) = Cd(x,y,), S0 we can concludéyc.,(s,t) = dg,(s,t) for

all points(s, t) € [a,b] x [a, b] with s # t. O

1.2.2 EQUAL ANGLE CONDITION

In the definition of distortion, we take the supremumdaf over all pairs of distinct points on
the curve. We can rewrite this supremum for curves by thipkihthe spacey x ~ as a family
of sets of pairs of points with arclength distantand taking the supremum over all values of

¢ < Len(v)/2if vis closed and < Len(~) if v is open. We have, i is closed

¢<Len(y)/2 | z€R/ Len(v) ||'7(ZIZ') - ’}/(ZE + g) ||

5(v) = sup [ sup ‘

Similarly, if v is open we have,

5 ‘
)= sup sup
¢<Len(y) | z€R/Len(v) ||’}/(ZE') - 7(‘%’ + E)H

If the curve is smooth enough, we can take derivatives to fortlitions on pairs of points

which realize the supremum. This gives us the following pston.

Proposition 41. Suppose that is an embedded closed curvelki parametrized by arclength.

Supposer # y, v is differentiable aty(z) and~(y), anddq,(z,y) = é(v). In addition suppose
d(v(x),v(y);y) # Len(y)/2if vis closed andi(~(x),v(y);~y) # Len(y) if v is open. Then,
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(v(x) = 7(y), ¥ (2)) = (v(2) —v(¥), 7' (y)) , (1.2)

and

@) =) NN b))
<||7(93) Wl (y)> i (0.y) <||v(x) meTALA ’> (1.3)

That is, the angle between the choytr)~(y) and the tangent vector at(z) is equal to the
angle between the chordz)v(y) and the tangent vector at(y). In addition, the angle between
the chordy(x)y(y) and+’(x) (or +'(y)) is equal to the negative reciprocal of the distortion qeati

evaluated atz, y).

Proof. First assume that if is closed, thenrl(y(z),v(y);y) # Len(v)/2 and ify is open, then
d(v(z),v(y);v) # Len(y). If ~ is differentiable aty(z) and~(x + ¢) anddg,(z,z + ¢) = d(v)
then the functior?/|vy(z) — v(x + ¢)|| is differentiable atx, ¢) and its partial derivatives must

vanish. We now compute these partial derivatives.

9 ¢ _ @) =@+ 6),9() —' (@ + 1)

Oz ||[y(x) = y(z + Ol [v(z) = (@ + O
9 l _ @) =@+ Ol — £ (y(x) —v(z+ ), = (z + 0))
Ol ||y(x) = y(z+ O Iv(z) = y(z + O]

The case whejy(z) —~y(z+¢)|| = 0 can only happen wheh= 0 since the curve is embedded

and we assumed+ 0. When the numerators above vanish,

V(@) =z +0),7(x) =7 (x +£)) =0,

and
[v(z) = y(z + O = £ {y(z) = (@ + ), = (z +£)) = 0.
If we definey = (z + /), then the first of these two equations immediately gives usmeq

tion (I.2). Rearranging some terms on the second equaties gs

(@) =@ _ < V(@) — v(y)||ﬁ/(y)>

d(x,y; ) 7 (z) —~(y)
which, when combined with equatidn(lL.2), gives us equaflaf) O
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We can use Propositidn 41 on pdgé 24 to greatly simplify tmepzdation of a curve’s distor-
tion. We now provide a couple of examples. While these coatpmirts are not rigorous (we use
Maple) they illustrate how Propositiénl41 can be used to firedistortion of a curve. Consider
the ellipse(a cos 6, bsin #) and letvy(s) denote its parametrization by arclength. It is difficult to
find a closed form for the arclength between arbitrary pdifgomts on the ellipse. So computing
the distortion quotient at all paifs, t) with s # ¢ is difficult. However, Propositioh 41 asserts that
the only pointsr andy that satisfydg, (z,y) = d(v) must either be antipodal or must also satisfy

the equation

A Maple computation shows that the pairs of points that Safsopositior4ll are exactly those
that are the intersection of horizontal lines with the aléipthe intersection of vertical lines with

the ellipse, and points that aken(v)/2 apart along the curve.

N

Figure 1.6: Above is an illustration of an example of eachhef first two types of critical points.
The critical points that areen(v)/2 apart clearly maximize the distortion quotient at the minor
axis.

Assuming that these are the only pairs of points that sasfpositior4lL, it suffices to con-
sider only them when computing the supremum of the distodiaotient. Another Maple calcula-
tion shows that in the case of the ellipgethe distortioni() is achieved at the endpoints of the
minor axis. So, if the length of the minor axisdg2, thend(~) = Len(y)/a.

Consider now a stadium cunvé: [a, b] — R? illustrated in Figur&1l8 consisting of two half
circles of radiusk and two line segments of lengihconnecting the circle arcs. Another Maple

calculation shows that there are three types of criticahisdor dqy, pairs of points on the straight
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Figure 1.7: The distortion of an ellipse is achieved at thdpemts of the minor axis.

line segments, pairs of points on the circle arcs, and pépsiats that ard.en(F) /2 apart along
the curve. The first two types are illustrated in Figure 118 distortion quotient for critical points
that arel.en(F) /2 apart is maximized with the critical points that bisect thraight line segments.
Orient the stadium curve so that the center of mass is at them@nd the straight line segments
are horizontal. If(xy, z5) is any point on one of the straight line segments, then thegbgioints
(1, 9), (1, —xo) is a critical point fordgr. In this case, the distortion quotient is maximized
when the arclength is maximized since the denominator adigtertion quotient is constantBz.
Hence, the largest value for the distortion quotient foistheritical points iS7R + L)/2R and

it occurs when the distortion quotient is evaluated at thegigoints that bisect the straight line

)R

Figure 1.8: Here we see representatives of points thafsatimdition (1) of Propositiofi41 for
the stadium curvé’.

segments.

A
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In addition if (y;, y2) is any point on one of the circle arcs then the p&ifsy-), (v1, —y2) as
well as the pair$y,, y2), (—y1, y») are critical points forlgz. We know that if the points are on the
same circle arc then their distortion quotient can be no nfwaan /2. On the other hand, if the
pair of points for an arc connecting the two circle arcs, ttheir distortion quotient varies from 1
to(rR+ L)/(2R + L). Notice that the latter quantity gets largerfas— 0 and whenL = 0, its
value ism /2.

Then, assuming the accuracy and completeness of the Mdpidaten,

&F)—HMX{WR+L WR+L}

2R 2R+ L
These fractions have the same numerator, but the denomofdte second is larger. Thus

WR+L>WR+L
2R 2R+ L

when/Z > 0 and
TR+ L
O(F) = SR

A

L
>

Figure 1.9: The maximum of the distortion quotient for thedstim curveF’ occurs at the pair of
points that bisect the straight line segments.

1.3 GEOMETRY AND DISTORTION

Theorem 42. (Crofton) Given any rectifiable plane curve [a, b] — R?, let P(v) be the length

of the orthogonal projection of onto the line through the origin with directiofos(f), sin(d)).
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Then
1 27
Len(v) = 7 / P(v)dé.
0

That is, the length of is a constant multiple of the average length of the projectby onto

a line through the origin.

Proof. Let () denote the set of all polygons inscribedhinThen by definition, the length of is
Len(vy) = sup Len g.
9€Q

Therefore, it will suffice to prove the theorem for each paolyg, since the lengths of the
projections of they converge to the length of the projectionpfin fact, it suffices to prove the
theorem for a single edge qf Let E be any edge ol with length Len(E). Without loss of
generality we may assume thiathas one endpoint at the origin and tliaties on thez-axis.

The projection of’ onto the linet(cos 6, sin ) has length exactljzen(E)| cos 0|. So, averaging

this value over all values d@f € [0, 27] gives the integral

2
! Len(E)|cosf| df = M.

21 Jy
Now, when computing the average projection length of theepblygong, it suffices to find
the average projection length of each edge individuallyg, gren sum the results. To do so, we
view the edges of as a collection of directed line segments with one verterebtigin.

Moreover, if an edgé’ makes an angle with the positiver-axis, then writing

27 27 +¢
/ Py(E)d = / Py(E)do
0 ¢

we see that we may think of each edgey@fs lying on the positive-axis.

It has now been shown that the lengthya$

;Len(Ei) = Zi/o ﬂPg(Ei)dez i/o me) do.
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N

Figure 1.10: On the left we see a polygonal curve. On the ritjet edges of the curve after they
have been translated so that one endpoint is at the origihidfany edge on the curve on the left
and £ is the corresponding edge on the right, tiem(F) = Len(E) and Py(E) = FPy(F) for

all .

Theorem 43. (Schur's Lemmal[BZ]) Let v: [a,b] — R? be a plane arc with total curvature
x([a, b]) which forms a convex curve with the chord with endpoititg and~(b). Lety*: [a, b] —
R?® be an arc of the same length so that given any intefval] C [a,b] we havers ([c,d]) >

k* ([e,d]). If £* and/ denote the lengths of the chords joining their endpoinesnth< ¢*.

Proof. LetTf andT;z be the right tangent indicatricesofindy* respectively. By convexity there
existss, € [a, b] so that eithell’f (o) is in the same direction agb) —v(a) or, 7' is discontinuous
atso and the point~y(b) — v(a))/|l7(b) — v(a)l| lies on the great circle arc with endpoirits (s,)
andT’" (so). In either case, I€f; denote the unit vector in the directionoft) — (a) at the point
v(s0). Again by convexity we know that(v([a, b])) < 2. It follows thatx(v([a, s¢])) < 7 and
k(7([s0,b])) < .

If the curvey has no atom for the curvature measiigi.e., Tj is continuous at, then~*
cannot have an atom &f. To see this we use the fact that the curvature medSuse Radon mea-

sure. Let’C andK* denote the curvature measures associated to the cyaedy* respectively.
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Ty
v(s0)

"(a) v(b)  ~(a) 7(b)
Figure 1.11: Here we see the two cases that can arise wheimdefin The first case, on the left,
occurs when there is a poigg so thatl™f (s) is in the direction of the chord joining the endpoints
of the arcy([a, b]). In the case on the right we see that there is no sycHowever the convexity
of y([a, b]) guarantees that there is a poigtso that there is a vector in the cone defined/by
andT’; that is in the direction of/(b) — y(a).

Sincek is a Radon measure we know
K({so}) =inf{(U) : U open ants, € U}.

Now, £({so}) = 0 and so there exists a sequence of openlgetentainings, so that(U;) — 0
asi — oo. By hypothesis, we also know th&t (U) < K(U) for all open intervald/. Therefore

IC*(UZ) < K(UZ) for all 7. So,

K*({so}) = inf{K*(U) : U open ands, € U} < lim £*(U;) < lim K(U;) = 0.

In this case we rigidly rotate* so thatT’” (so) = Tp.
If instead 7’ is discontinuous at, then, using a similar measure theoretic argum‘éﬁit,is

also discontinuous at,. In this case we rotate* so that
d(T;_(So), T07 52) Z d(T,;t (80), To, 52)

and
d(T; (s0), To; S%) > d(T:(s0), To; S?).
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We have chosefh; in this way so that we can express the length of the chords as

b
[7(0) =y (@)]| = {7(b) = v(a), To) = / (T (5), To) ds,

and
b
) =@ 2 7 0) 7@, To) = [ (), To)ds.
Now it remains only to show thafr’" (s), Ty) < (T.-(s), To) almost everywhere.

Observe that
<T0,T7+(s)> = cos (d(TO, F(s); 52))
and

(To, TS (s)) = cos (d(To, T5:(s); 5%))

since all the pointsly, T2 (s), and 7% (s) lie on a unit sphere. Moreoveeps(z) is an non-

increasing function on the intervgl, 7] and so it will suffice to prove
d(Ty, T} (5); §%) < d(Tp, T (5); 5%).

In addition sincey([s, so]) is a planar arc of total curvature at mastve know7’'" is a single great

circle arc of length at most. Thus
d(To, T (s); 5?) = Lengz (T ([s, so)))-

We know thatd(Tp, T2- (s); S?) < Leng:(T+([s, so])). Therefore it remains only to show that
Lenge (T35 ([s, s0])) < Leng(T."([s, so])). But, by definition of curvature measure for finite total
curvature curves as defined by the right continuous fundtjem Definition[34 on pagE8, these
lengths arex([s, so|)* andx([s, so]) respectively and by hypothesig|s, so|)* < x([s, so]). This

completes the proof. O

In their 1998 papei[]1], Robert Kusner and John Sullivan wered rectifiable curves and

studied the relationship between a closed curve’s distoréind its ropelength. The ropelength
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of a curve is the ratio of the length of the curve to the curvdisckness”. The thickness of a
curve measures the minimum of the lengths of a certain faofichords on the curve. We cannot
include all chords in the family, since the lengths of chqailsing nearby points on the curve must
be small. We can avoid this problem when computing thickbgsgnoring pairs whose distortion

is less than some threshold. Following Kusner and Sullingl], we give

Definition 44. Given any real number > 1, theb distortion thicknessof a curvey C R™ is

() Id%gg)ZbHv(p) — ()|l

the minimum distance between points of distortion more than

The following proposition from[]l1] is of direct interest leeWe define antipodal points on a

closed curvey to be points that arken()/2 apart along the curve.

Proposition 45. Lety C R™ be any closed rectifiable curve. Defifig~) to be the supremum of
the distortion quotient taken over all pairs ahtipodalpoints. Theng(vy) > do(v) > 7/2, with

equality if and only ity is a round circle.

Proof. Since the distortion is scale invariant, we can assumejthass lengti2r. Further assume
thaty is parametrized by arclength. It is immediate théf) > do(v) since each is computed
as a supremum of the distortion quotient and the supremunh taseomputej() is taken over
a larger set. Therefore, it suffices to find a pair of antipqutzEihtsv(s) and~(s + 7) so that
|v(s) — (s + 7)|| < 2. Indeed, if such a pair of points exists then, since we kngw and
v(s + ) are antipodal, we have,

S OIS

Assume that no such paij(s) and~(s + 7) exists. Then all pairs of antipodal points must be

do(7)

>
[

a distance more thahapart. Define a new curveby f(s) = v(s) — v(s + 7). Our assumption is
now thatf lies completely outsid®,(0), the closed ball of radius 2 iR™. Notice that this function

has the following properties:
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D) fls+m) =A(s+m) =((s +m) +7) = —(7(s) =v(s + 7)) = —f(s), and
(2) sincey is parametrized by arclength we have

1£(s) = fF@I = llv(s) = (s +m) = 7(t) + 7t + =)
< v(s) =@l + vt +7) = y(s + )
<ls—t|+|t+7—s—m]
= 2|t — s|.
Thatis, f is Lipschitz with speed at most 2.
The first of these conditions tells us that any drof f from f(s) to f(s + m) has endpoints

that are antipodal points on a sphere of radlifiss)|| centered at the origin iR".

/(s)

fls+m) =—f(s)
Figure 1.12: lllustration of condition (1) in the proof ofdprositior45b on the preceding page.

So, now let us consider the length of the atc Since the arc lies completely outside the

closed ball of radius 2, its length must be more than the lefita geodesic connecting two

34



antipodal points o B,(0), which is27. But, condition (2) above stipulates that the arc fré(g)
to —f(s) = f(s + m) can have length no more thaf(s + =) — s) = 2x, a contradiction.
Note that we can achieve a distortionmof2 exactly when the curvg traces out a great circle.

This completes the proof. 0J

Kusner and Sullivan use this lemma to show thatthe thickness is well defined for any
closed curve. This thickness will not quite serve our puggoand instead we will rely later on the
75(14)) thickness for curves of knot tyge].

We will also need a lemma from Denne and Sullivarfid [10].
Lemma 46. An arc,;, € R" of total curvaturex < 7 has distortior(vy,,) < sec k/2.

Proof. Let v(a) and v(b) denote the endpoints of,,. Consider the planar curvg, with the
same length and the same curvature measurg,ashich forms a convex curve with its chord,
and let4(a) and 4(b) denote its endpoints. Schur's lemma asserts thata),5(b); R3) <
d(v(a),~(b); R3). Then, for alls, t € [a, b]

d(3(5),7(®); %) _ d(v(s),7(®)iv) o d(v(5),7(t);7)
d(y(s), 4(t); R?) - d(3(s),7(t); R?) — d(v(s),7(t); R?)

Pick any two pointsc and z in the plane. Given an initial direction for an edge startag

dgs(s,t) = = dg,(s,1).

there is a unique position for a poigton that edge forming a triangleyz with exterior angle
k aty. If we letx = 4(a) andz = 4(b), then the entire aré,, must lie within the triangle
xyz. Crofton’s formula implies that,, must be shorter than the polygonal segmenu yz. So,
dgs(a,b) < d(zy Uyz).

We must now comput&zy Uyz). We may assume that= (0,0), z = (—p, ¢), andz = (p, r)
as in Figurd_T.13. The segmeny U yz is differentiable everywhere except at the corner point.
Hence Propositioi 41 tells us that the only candidates famtp@way fromy that realize the
distortion occur when the two anglésand ¢ in Figure[1.IB are equal. In this case, the resulting
triangle with angle®, ¢ andw — « is isoceles and so the distortion quotierdds (x/2). For pairs

includingy the distortion quotientis 1. So, sine&:(x/2) > 1 we havei(xy U yz) = sec(k/2).
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= (-p,q)

Figure 1.13: It suffices to consider a triangle with verticeg, ¢), (0,0), and(p, 7).

Now, supposé/(s) andy(t) are any points on the afg,. If we let v’ denote the total curvature
on the arcy,,, thens’ < k. By repeating the argument above we know #ha{(s, t) < sec(x'/2)
and sinceec(¢) is an increasing function on the interyal ) it follows thatdg; (s, t) < sec(x/2).

Thus

K

(Vab) < () < 6(xy U yz) = sec <§)

and this completes the proof.
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CHAPTER 2

MAIN THEOREM

2.1 A New PoOINT OF VIEW ON GROMOV’S DISTORTION

In [B] Gromov defines the distortion of a continuous cuivga, b] — R? as

— d(y(s),v(t);)
20 = S0 G A R

where the fraction is called the distortion quotielgt (s,t). He then poses the question, “Does
there exist a curve in each knot type withh(y) < 100?” The question really asks whether or
not there exists a uniform upper bound for the distortionliokrzot types. Though it has attracted
considerable interest, Gromov'’s question has proved Viffigudt to answer.

It is natural to conjecture that no such bound exists. A preadild require two steps. We first
need to find a topological invariat that increases with knot complexity. We must then construct
a lower bound on the knot’s distortion in terms%f Using this lower bound, we can then exhibit a
family of knots{~;} so that the sequendé([v;])} diverges. Neither step seems easy to carry out.

Choosing a suitable invariast requires care. Our topological invariant must increaséovit
bound for some, but not all, families of knots. For a smootlotkn there exists an upper
bound for the sequenc&i([v]), d([v#7]), o([v#v#~]), - - . J0. It follows that if the sequence
{X (), X([v#7]), X ([v#y#7]), - - .} diverges, thert’ will be of no use when defining a diver-
gent sequence of lower bounds for distortion. This rulesnoany well known invariants such as

crossing number, bridge number, and genus.

1This was first pointed out in print by O’HarBl[7], who obsertkdt the distortion of a number of tiny
knots arranged around a large circle is independent of theeuof knots.
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The next task involves constructing a lower bound on theodisin of a curve in terms of the
chosen topological invariant. This requires finding points) and~(¢) on the curvey for which
dq,(s,t) is large. Unfortunately, such points can be quite elusive.

The main theorem shows that length minimizing curves in giqdar subseUq([v]) of [7]
have the property that points with relatively large distortquotient saturate arcs of positive total
curvature. This should make it easier to bound the distortiocurves inUq([7]) in terms of a
topological invariantt'([]).

The setU+([7]) has several membership requirements in addition to théffatt/-([v]) C [v].
For technical reasons we assume all curve#/iri[y]) have finite total curvature. Second, we
require that a constarit bounds the distortion of knots iti-([y]) from above. If we choosé’
to be a constant multiple @¥([]), this bound will allow us to relate lower bounds for distorti
of curves inUc([7]) to lower bounds om([v]). Hence any divergent sequence of lower bounds
{b;} on the distortion of knots in, sayl/ss,)([7:])} will provide a negative answer to Gromov’s
question. This is illustrated in Figure 2.1 on the next page.

The last requirement for membershiplia([v]) stems from our interest in studying curves of
minimum length. Due to the scale invariance of distortiom glet of length minimizers itV ([7])
will be empty unless we add another constraint. Hence we fixuatscale for curves itV ([v]).
But even if we prevented a sequence of cufrgss C Uc([y]) approaching a curve, of infimal
length from shrinking to a point, we would still be concerrledt~y, might not be in[y]. After all,
knotted regions can pull tight when decreasing length as iseleigurd 2.2 on pade #0. To prevent
this, we fix scale in a carefully chosen way. Recall tkdistortion thickness of a curveis given
by

m(y) = d%g}g)Zb 1v(p) =),

the infimal distance between pairs of pointsyowith distortion quotient at least We require that

Ts()) (7) = 1 for curvesy € Uc([]).
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Figure 2.1: Here we see a graph representing a divergenesee{h; } of lower bounds on the
distortion of certain curves Ve, ([vi]). If we defineC,, = 24([;]) then this will also yield a
divergent sequencgi/2} of lower bounds o ([v;]).

We are now prepared to state the main thereom. For now we tfiiak's([])-drc” as a pair
of points(s, t) for which dg, (s, t) = 6([7]). We will define this term precisely in Definitidn50 on
page 4H.

Theorem 55 (Main Theorem) Let Ux([v]) be the set of all finite total curvature curvesin
(7], with distortioné(y) < C and distortion thickness;,, > 1 (i.e., any point(s,t) with
dq,(s,t) > 0([v]) satisfies|y(s) —~(¢)|| > 1). Then any open interval on a curve of minimum

length inUc([]) is either a straight line segment or contains an endpoint &fa|)-drc.
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Figure 2.2: Here are three representatives from a sequéripice eight knots with decreasing
length that converges to the unknot. The pinch on the lef$tthtes the concern that every member
of the sequence of curves may have maximum distortion eshliy a pair of points a constant
distance apart even though the knotted region is shrinkiraggoint.

The proof of the main theorem will be a proof by contradictiSappose that we have a curve
7v: [a,b] — R3 of minimum length inU-([y]) and an arey((c, d)) on~ with positive total curva-
ture that does not contain an endpoint of(&y])-drc. We show that it is possible to decrease the
length of the arey((c, d)) to obtain a new curve that is also a membet/ef[+]). We have then
reached a contradiction sineds a curve of minimum length itV ([v]). The proof requires two

propositions.

(1) There exists > 0 so thatdq(s,t) < d([v]) — ¢ for all points(s, t) € (¢, d) x [a,b] U [a,b] x
(¢,d). (Propositioi 52 on pade#5)

(2) The arcy((c,d)) can be changed in a length decreasing way so that the incoédke
distortion quotient on(c,d) x [a,b] U [a,b] X (c,d) is less thare and the change of the
distortion quotient orfc, d) x (¢, d) — ((¢,d) X [a,b] U [a,b] x (¢, d)) is nonpositive. Hence

the distortion ofy is not increased. (Propositiénl53 on pagk 46)

We point out that ifdg, could be extended to a continuous function[erb] x [a, b] then (1)
would be immediate and (2) would be much easier to prove. Meryghis is not always possible

for finite total curvature curves.
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2.2 ON THE DISCONTINUITY OF dg, FORy € FTC

Letv: [a,b] — R3 be a continuous embedded curve. Then sinégcontinuous, the functions
d(-,-;~y) andd(-, -; R?), restricted to points on, are each continuous functions. So their ratio, the
distortion quotient, is continuous whenever the denoroimatonzero. Indeedy, is only defined
for points off the diagonal ofu, b] x [a, b].

Regrettably, ify € F'TC then it may not be possible to defide, on the diagonal in a way that
will result in a continuous function. While curves HFiI'C have one-sided tangents everywhere,
the right and left tangent may not be equal at a given pginThis can cause a non-removable

discontinuity ofdg, at (s, so). The following example illustrates such a scenario.

Figure 2.3: This example illustrates a discontinuity of thstortion quotient. The discontinuity
of the tangent curve at the point corresponding to the cqrait causes a jump in the distortion
guotient.

LetC: [a,b] — R? denote the comet shaped curve in Figuré 2.3 consisting ofcad af a
circle and a polygonal section, consisting of two line segis&; and P, with exterior anglep.
Letc € [a, b] so thatC(c) is the corner point. A calculation in the proof of Lemna 46 ayg35

shows that (C) = sec (¢/2) anddqgc(s, t) = §(C) on the continuum of points
E ={(s,t) € [a,b] x [a,b] : C(s) € P, C(t) € P,,andd(C(s),C(c),C) = d(C(t),C(c),C)}.
Now, if {(s;,¢;)} C E is a sequence so th@t;, t;) — (¢, c) asi — oo, then

lim dqc(s;, t;) = sec =.
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On the other hand, for all points so thatC(s) is a point on either line segment, we have
dge(s,c) = 1, hence

lim dge(s,c) = 1.

S§—C

We can readily see that the discontinuity along the diagoial b] x [a, b] is not removable. In fact,
since the distortion is defined as a supremum, it may be tteethasfor a general curvee FTC,
there exists a sequence of poifits ¢;) converging to a points, s) so thatdg, (s;,t;) — d(v),
dq,(s,t) < d() everywherelq, is defined, andg, has a non-removable discontinuity(at s).
Curves of this type have no distortion realizing chord. Aareple of such a curve is tHgragon’s

tooth curvein Figure[Z%.

Figure 2.4: The distortion of this curve is realized as aftiofidistortion quotients of pairs of
symmetric points converging to the corner point. The patanspace€a, b] x [a, b] has no point
(s,t) that realizes the distortion.

This curve,D: [a,b] — R?, is formed by three circle arcs: one of small radiusnd two of
larger radiusk. The large circle arcs are connected to the smaller cirdesarthat their tangents
agree at the points of intersection. The large circles meat @rner with exterior angle <
m. The distortion of a circle isr/2, so if D(s) andD(t) are points on the same circle arc then
dgp(s,t) < m/2.1f D(s) lies on one of the large circle arcs and¥ft) lies on the small circle
arc, thendgp(s,t) — 1 asd(D(s), D(t); R?) — 0. Therefore, the distortion quotient cannot grow
large because the denominator becomes small. On the othey th& numerator is no larger than
the length of the two arcs. Styp (s, t) is uniformly bounded above for all points, ¢) for which

D(s) andD(t) lie on circle arcs of different radius.
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Let D(c) denotes the corner point. Lés;,¢;)} be a sequence so thBXs;) is on one large
circle arc,D(t;) is on the other large circle arc addD(s;), D(c); D) = d(D(t;), D(c); D) for all
i. If (si,t;) — (¢, c) then
¢

lim dgp(s;, t;) = sec 5

Forcing¢ to be close tor in the construction oD forcesdgp(s,t) < sec ¢/2 for all (s, t) in the
domain ofdgp. So, the distortion oD is evaluated as a limit ofgp (s, t) as(s, t) converges to a
point on the diagonal that is a non-removable discontinuity

To deal with examples like this, the definition of a distontiealizing chord will need to be
extended. Just considering pairs of poifitst) so thatdg, (s,t) = d(v) is not sufficient. After all,

there may be no such pairs. We start with a definition.

Definition 47. For any~: [a,b] — R? in FTC, we define the functioh, : [a,b] — R by

D.(s): = sgp dq,(s,t)

Lemma 48. If v: [a,b] — R3 is a curve with finite total curvature parametrized by argém

then
d(y(s),v(t);7) d(v(s),y(t);7)

B O TOR S R A CORTO DX

Proof. One-sided derivatives exist everywhere by Proposiiidnr2gagd_IR, hence

li 2 = 7(5)
t—st t—s
exists. We know, by the continuity of the norm functipn||, that
i || 2O =) O =6
t—st t—s t—st \t _ s|

exists and equals 1 since the curve is arclength parametoe

Y |t — s
m —
t=st |[(t) = v(s)
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But this is exactly the one-sided limit of the distortion d¢jeat functiondg,(s,t) if we
leaves fixed. A similar computation shows that the limit from thetlekists as well and is also
equal to 1. Therefore, since the functidg, (s, t) with s fixed is a continuous function on the

compact sefa, b}, it follows that it achieves its maximum at a point[in b]. O

In the case of the Dragon’s toofD, the functionDp(s) is defined at the corner point, but it
is less than the distortion of the curve. However, we do Hapés;) — 6(D) ass; — s. We will

redefineD., at such points so that our new function will achieve its sopakevalue ony.

Definition 49. If v: [a, b] — R? is a curve with finite total curvature parametrized by argém

then we define thdistortion shadowdenotedD.(s), as the upper envelope 6f,(s). That is

B (s): —inf sup [ max d(y(x),v(t);7)
D (s): ‘»58_;15( : d(v(x)ﬁ(t);R‘"’))'

We are now in a position to make the definition of a distortiealizing chord precise. The

Dragon’s tooth example shows that we will need to define thdion quotient along the diagonal
in a way that guarantees that the valuel@f(s, s) is defined to be the largest limiting value of all

sequences approaching it.

Definition 50. Let~: [a,b] — R3 be a finite total curvature curve parametrized by arclengfth.

(s,t) is such thats # ¢t and

T : d(y(x),v(y); )
dgq(s,t) := inf sup >k,
! >0 | @y)-(sn)l<e A7 (@), 7(y); R?)

then we says, t) (or the chord with endpoints(s) and~(¢)) is a k-distortion realizing chord

(k-drc).

Lemma51. Lety: [a,b] — R3 be a finite total curvature curve parametrized by arclengthen
D, (s) > kif and only if there exists a valueso that the chord with endpointgs) and~(t) is a
k-drc.
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Proof. First assume that there is a valuso that the points,¢) defines a-drc. We know that
there exists a sequendés;, t;)} so that(s;,t;) — (s,t) anddq,(s;,t;) — K > k. Since the
function D, (s;) computes the maximum over all valuestpit is evident thatD., (s;) > dq,(s;, t;).
Furthermore, Lemm@ 5 on pafk 3 shows us fhats;) > D.(s;). So, our string of inequalities

then becomes
D, (s) > lim D, (s;) > lim D, (s;) > limdg, (s;, t;) = K > k.

The reverse implication is immediate from the definitionst Ls;} C [a, b] be a sequence so
that D,(s;) — K > k. For eachs; there exists &; so thatD(s;) = dg,(s;,t;) by Lemmal4B.
Furthermore, since the points;, ¢;) are elements of the compact §etb] x [a, b] we may assume,
by restricting to a subsequence, that t;) — (s,t) for some(s,t) € [a,b] X [a, b]. It remains to
showdg, (s, t) > k. Indeed, for any > 0

sup dq(z,y) > k
ll(z,y)=(s,t)l|<e
since the set on which the supremum is taken contains iffimtany elements of the sequence
{(si,t;)}. Therefore,

d_qﬁ/(s,t) = inf sup dq(s,t) > k.
£20(2,y)—(s,0)l|<e

So the paif(s, t) defines &-drc. O

By definingk-drc’s in terms of an upper semicontinuous function we haaeerthe proof of
the first step towards the main theorem relatively simplde&d, upper semicontinuous functions
achieve their maximum value on compact sets. Thereforeclibsed arc is void of endpoints of
k-drcs, then the maximum value @f, is bounded away frorh by a positive quantity. Hence, the

distortion quotient is bounded away fratrby a positive quantity. We make this rigorous below.

Proposition 52. Let~: [a,b] — R3 be a curve of finite total curvature. (£, d) C [a, b] so that
dq, (s, t) < kforall (s,t) € (c,d) x [a,b] U [a,b] x (c,d) then, for any subintervdp, q] C (c,d)
there exists am > 0 so thatdg,(s,t) < k —eforall (s,t) € (p,q) x [a,b] U [a,b] x (p,q)
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Proof. By assumption the intervat, d) is free from endpoints of-drc’s. Then using Lemmab1
on pagd 4K, it follows that for every € (c, d) the value ofD,(s) < k. Let [p, ] be any closed
interval subset ofc, d). SinceD, (s) is upper semicontinuous and bound&ds) has a maximum

M on|p, q] by Lemmd on padd 3. We can ket & — M. O

2.3 DECREASINGLENGTH WITHOUT INCREASING DISTORTION

Now that we know that arcs of void of £-drc’s have distortion bounded away fraitry) by some
positive quantitye, it remains to show the length of an arc can be decreased wliglieging the
distortion quotient by an amount smaller tharhis will complete the second step in the proof of

the main theorem outlined in Section 2.1.

Proposition 53. Let~: [a, b] — R? be a finite total curvature curve and suppogéc, d)) is any
arc with nonzero total curvature. Then, given- 0, we can replace/((c, d)) with an arcP((c, d))

of shorter length so thatgp(s,t) — dg,(s,t) < eforall (s,t) € (c,d) x [a,b]U][a,b] x (c,d).

Proof. Let v: [a,b] — R3 be a curve parametrized by arclength and supposetifatd)) is

an arc ofy of length L = d — ¢ with nonzero total curvature. Let> 0 be given. This proof has
several cases. We will first assume that we can find a sulfarai) ) whose total curvature is small.
Without loss of generality we assume this is the @@, d)). We will then modify only a subarc
~v([¢,d]) of v((c, d)). To prove that distortion has not greatly increased, we thiéh examine the
change in the distortion quotient. Pairs of pointand¢ which are relatively close will require a

different argument than pairs wherandt¢ are relatively far apart. Figufe2.5 may help the reader

to understand the different components of the proof.

Case 1.Assume the arg((c, d)) has total curvaturd) < K < 2cos™'(1/(1 + ¢/2)); then by
Lemmd™b on padeB5, the distortion of the af¢c, d)) is no more tharl + ¢/2.

Proof. By replacing the interval(|[c, d]) with an inscribed polygon, we can decrease length and

not increase total curvature. By Lemind 46 on dage 35, simctothl curvature has not increased,
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Figure 2.5: We break up our proof into several pieces acngrtti a subdivision of the parameter

A A, A

space. Definel := [a,c] x [¢,d], B := [¢,d] x [d,b], C = [c,d] X [e,d], Cy := [c,¢] x [¢,d],

)
A

Cy = [¢,d] x [d,d], andCs := [¢,d] x [¢,d]. We use LemmB36 on pafe 35 to control the change
in the distortion quotient inside the regid@n Then, we restrict our attention to the regioAs
andB, which are bounded away from the diagonalob| x [a, b], and use a more straightforward
calculation to show that the change in the distortion qubttan be controlled on regionsand 5.

the distortion of the arc remains between 1 ande/2. Hence the change in distortion of the arc
is still smaller thare. This takes care of all points in regignin Figure[Z.5.

Now let us turn our attention to the subardé, d]) C ~((c,d)). We define|¢, d] to be any
interval contained itfc, d) so thaty([¢, d]) has positive curvature. By Theorém 36 on page 20 there
exists a Radon measukeso that'C((p, q)) = k(¢ for all intervals(p, q) C (c, d). We will useC
to show that we can find a st d| with the desired properties. Sinkgis a Radon measure, if we
let H denote the set of all compact subset$fl) then

K((¢,d)) = sup K(h)

heH
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Hence there must exist some sequence of compadt setthat’tC(h;) — K((c, d)) asi — oo and

A

there must also be somjeso thatKC(a;) > 0. Let[¢, d] C (¢, d) be any closed interval containing
h;. Notice that we can replaceg¢, c?] with a polygon without increasing the distortion for poiirts
4, Cy, andCs in FigurelZb since each of these regions is contained wittararger regior'.

For givensg’ > 0, let P: [a,b] — R3 be a curve that consists of two types of arcs. The first
is any polygon inscribed inside the ay¢¢, d]) such that|y(s) — P(s)|| < ¢ for all s € [¢,d],
P(¢) = 4(¢), and P(d) = ~(d). The second arc satisfies the relatiBfis) = ~(s) for all s €
[a,b] \ [¢, d]. Even if the arcy([¢, d]) is already a polygon, we can replagéé, d]) with P([¢, d))

S0 as to decrease length.

It remains to show that we can makey(z), P(x); R?) small enough ofi¢, d] so that
dgp(s,t) — dg,(s,t) < ¢ for all pairs(s,t) € AU B

whereA and B are defined in Figurle2.5.

Notice that ifdgp(s,t) < dg,(s,t) then there is nothing to show, since we are only concerned
with increasingdistortion. So we will assume thaip(s,¢) > dqg,(s,t). Suppose thats,t) € A.
Then,

d(P(s), P(t); P) — d(7(s),¥(t);7)
d(P(s), P(t);R?)  d((s),7(1); R?)

dgp(s,t) —dg,(s,t) =

d(~(s),7(t); R*)d(P(s), P(t); P) — d(P(s), P(t); R?) d(v(s), y(t); )
d(P(s), P(t);R3) d(~(s),v(t); R?)

But (s,t) € A and sinced is bounded away from the diagonal|afb] x [a, b], we know thats

andt must be at leasthin{¢—c, d— cZ} apart. Thus, since the curvesnd P are both embeddings,

we know there is a constagt so that

— d(P(s), P();R?) d((s),~(t); R?)
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for all (s,t) € A. So,

el Z 9B < (), 208 d(P(s), P(0); P) — d(P(s), PR dr(5),2(0):7)
< d(y(s),v(£);R?) d(v(s), ¥(£); 7) — d(P(s), P(t); R?) d(7(s), 7(t); 7)
= d(y(s),7(£);7) [d((s),7(£); R?) = d(P(s), P(t); R)] .
But, d(P(t), v(s); R?) < d(P(t), P(s); R?) + d(P(s),+(s); R%) and by rearranging and rewriting
terms—d(P(s), P(t); BY) < d(P(s),7(s)i BY) — d(P(t),7(s): ). So,
d(2(5), 1 (0 BY) — d(P(s), P(E):RY)
< d(3(s), PO R + d(P(0) () B + d(P(5),1(5) ) = d(P(2), 7 () )
= d(P(t),7(t); R?) + d(P(s),7(s); R?).

A

Finally, sinces, t € [¢, d|, we can define” so that
d(P(t),y(t);R?) + d(P(s),7(s); R?) < &/(Cd((s),7(t); 7)),
completing the proof in this case. O

Case 2.Suppose there is no subarcdfc, d)) with total curvaturd) < K < 2cos™!(1/(1+¢/2)).

Proof. We will show that this forces/((c,d)) to be a polygonal arc. A new technique will be
required in this case.

By the Lebesgue-Radon-Nikodym theorem (Thedrem 21 on[gageeXan write the curvature
measureC as a sum of two measures and )\, so that\, < ds and)\, L ds. We then further
decomposé as a sum of atomic measurgs,, } and a non-atomic measugewhich is singular

with respect to arclength. So we have

K((p,q)) = Xa((p; q)) + Z te ((p, @) + (P, q))-

Suppose now thak, := 2 cos™!(1/(1 + £/2)) and(p, ¢) is an interval so tha€((p, ¢)) > Kp.

Then} . 1., ((p,q)) < oo and so there exists a constavt so that) ., 1. ((p.q)) < Ko/2.
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Figure 2.6: Here we see a partition of the interfeall) where the points that define the partition
are the firstM/ atoms in the sequende; }.

Without loss of generality, assume < ... < x,,. Then we partition the intervdp, ¢) with the
points{zy, zs, ...,z } as seen in Figule3.6.

Now, let (u, v) be a subinterval ofp, ¢) that lies between two adjacent partition points. Since
the measure,, + 1 is hon-atomic, by Lemma23 on pdde 9 there is a valse that ifjv —u| < L,
then \,((u,v)) + p((u,v)) < Ky/2. Thus, we may assume th@t, v) has small enough length
so that\,((u,v)) + u((u,v)) < Kq/2. Since(u,v) does not include any of the partition points

T1y-e-y LMy

Z i ((0,0) = D (w0, 0)) < Ko /2.

i>M

ThusK((u,v)) < K, and it must be the case tha{(u,v)) = 0. Covering each interval between
the M partition points{zy, o, . ..,z } Dy overlapping open intervals with length less than v|
shows us thatC((p,q) — {x1,...,xp}) = 0. Therefore, the curve is polygonal on the interval
(p, q) with corners at the atom@e,, xo, .. ., 2 }. Since this is true for any intervap, ¢) it must
be the case that the ai¢(c, d) is polygonal.

It remains to describe how to decrease length without cimgntiie distortion quotient any
more thare. First we will restrict our attention to a neighborhood okearorner small enough to
guarantee that no pair of points in the neighborhood ard~) /2 apart along the curve. If the

exterior angle at the corner pointdsthen by the calculation in the proof of Lemind 46 on dage 35
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the restriction of the distortion quotient to the edges ingeat the corner achieves a maximum

value ofsec ¢ as seen in Figuie2.7.

Figure 2.7: If we translate the curve so that the vertex attraer of the arc is symmetric about
the y-axis, then a calculation shows that the distortion quotiestricted to this pair of segments
is maximized at points of the forrfx, y) and(—zx, y). Moreover, this maximum is exactly equal to
sec g whereg is the exterior angle at the corner. See Lenimla 46 onlpdge 2&fdwmal proof.

As seen in Figuré2l8, replace the edge with verti¢e8) and (z, y) with an edge with ver-
ticese(z,y) and(x,y) (using a small value of) and replace the edge with verticesz, y) and
(0,0) with the edge with verticeé—z, y) ande(z, y). The triangle inequality guarantees that this
alteration will decrease length. Sinse: (¢/2) is an increasing function on the intervdl, =),
decreasing the exterior angle decreases distortion.

(—x,y)

Figure 2.8: Here we shorten the length of the polygonal agh#y while decreasing the exterior
angle by a small amount by shortening one segment. This rmatitfn decreases the distortion
guotient on this pair of line segments.

This completes the proof. O
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2.4 MAIN THEOREM

We now state the main theorem.

Theorem 54 (Main Theorem) Let Uq([v]) be the set of all finite total curvature curvesin
(7], with distortioné(y) < C and distortion thickness;,, > 1 (i.e., any point(s,t) with
dq,(s,t) > 0([v]) satisfies|y(s) — ~(¢)|| > 1). Then any open interval on a curve of minimum

length inUc([]) is either a straight line segment or contains an endpoint &fa|)-drc.

Proof. Letv: [a,b] — R? be a curve of minimum length itic ([K]) and let(c, d) be any open
interval on~. If the total curvature along, d) is zero, then there is nothing to show. So assume
that the total curvature along, d) is positive. Further assume that the interivall) doesnot con-
tain an endpoint of @([v|)-drc. We will deduce a contradiction. Since there is no enupaf a
d([y])-drc contained withir(c, d), Propositior[ 5P states that there is a subintetwa}) of (¢, d)

so that if(s,t) € (p,q) x [a,b], thend([y]) — dg,(s,t) > e for somes > 0. Provided the total
curvature alondp, ¢) is nonzero, Proposition 53 on palgd 46 enables us to decrieadength

of the interval(p, ¢) to obtain a new curvé with the property thatig;(s,t) — dg,(s,t) < ¢

for (s,t) € (¢,d) x [a,b] U a,b] x (¢,d). Thus no news([y])-drc’s exist with end-
points in (¢,d) x [a,b] U [a,b] x (c¢,d). We claim that we have not increased the dis-
tortion quotient at any pair outside,d) x [a,b] U [a,b] x (c,d). Indeed, if(s,t) is any
point outside(c,d) x [a,b] U [a,b] x (c,d), thend(5(s),5(t);7) < d(v(s),~(t);~) while
d(3(s),4(); R3) = d(v(s),~(t); R?). Sinced(y) > 4&([7]), the distortion ofy is realized on such

a pair and this implies that(y) < o6(y) < C. Thereforey € Ucq([y]) andLen(y) < Len(7).

This is the desired contradiction. O

2.5 CONCLUSION AND OPEN PROBLEMS

The main theorem provides a good deal of structure for distominimizing curves provided they

have a representative of shortest length. Indeed, thedrexyuof drcs is highly reminiscent of the
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results in[2]. We hope this new information on drcs will addonstructing better lower bounds
for distortion.
We point out that the main theorem is still somewhat unsattsfy since there may be no

length-minimizing curves iV« ([v]). Fixing this problem requires proving at least two conjeesu

Conjecture 55. For any curvey there exists a chord with distinct endpoints) and~(¢) so that

dq,(s,t) > d([7]). Hence we can rescale any knotir} to haved([])-distortion thickness 1.

This conjecture means that the $&t([v]) is nonempty for allC’ > 4([y]). In this case we

further conjecture:

Conjecture 56. The setUx([y]) contains a minimizer for length for any knot typg and any

C > (1.

These conjectures would complete our proposed contribtitidhe study of Gromov’s ques-
tion. Suppose thagy;} is a family of length-minimizing knots /55,y ([v:]) and suppose that
studying the geometry of the knofs; } led to finding a divergent sequence of lower bounds on
d(v:) < 26([v:]). Then by dividing these lower bounds by 2 we obtain a sequehicsver bounds
on 6([y;]) which is also divergent. Provided these lower bounds becigrarily large, we will

have answered Gromov’s question.
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